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2.3 Design of I-Girder BridgevSuperstructures
2.3.1 Components of I-Girder Bridge Superstructures
The superstructure of a steel I-girder bridge consists of the primary load-carrying
components that directly support the traffic on the bridge and secondary components that brace
the primary load-carrying components. Modern steel girder highway bridges have a reinforced
concrete deck, supported by parallel steel I-shaped girders. The behavior of the individual
girders is controlled by several factors, including the distance between locations of lateral
support, the yield strength of the various components of the cross-section, and the dimensions
of the girder cross-section. Other important factors include the type of loading considered and
the stage in the life of the bridge. If the steel bridge girder is made composite with the concrete
deck, the behavior of the girder changes during the construction stage.
The superstructure of a steel I-girder bridge includes primary and secondary
components. The primary components resist the bending moments and shears created by the
loads on the bridge. In a typical steel I-girder bridge, the primary members are steel girders.
The girders may be rolled steel shapes, often called beams or rolled beams, or I-shaped girders
composed of welded plates, often called girders or I-girders. Rolled beams are used for shorter
span bridges while I-girders are used for longer spans.
The secondary components provide lateral support to the primary load-carrying
components. The secondary components of a steel girder bridge are called diaphragms. The
diaphragms connect the girders across the width of the bridge. Figure 2.4 shows an isometric
view of a segment of two steel I-girders. The arrangement of the secondary members can be
seen in relation to the primary members. Note that the unbraced length, Lb, is equal to the
diaphragm spacing. The diaphragms serve as locations of lateral support. The details of the
diaphragms and connection to the girders are simplified in the figure to provide clarity.
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The LRFD Bridge Design Specifications (1994) of the American Association of State
Highway and Transportation Officials (AASHTO) briefly discuss the need for diaphragms. The
AASHTO specifications list some of the cases when diaphragms are needed:
(1) stability of top flanges in compression prior to composite action with the deck,
(2) stability of bottom flanges in compression at all times,
(3) distribution of vertical dead and live loads between girders, and
(4) transfer of lateral wind loads on the fascia girders to the rest of the superstructure and the
vertical supports.
One of the roles of the diaphragms is to distribute load between the primary members
(Le., to provide redundancy to the superstructure). If one girder is damaged or otherwise loses
its load-carrying ability, the diaphragms redistribute the load, keeping the bridge from suffering
an immediate catastrophic failure. However, the amount of redundancy provided by the
diaphragms after the concrete deck becomes composite with the girders is a pbint of contention
among bridge engineers (Mertz, 1996). Mter the concrete deck cures and becomes composite
with the girders, it is more effective in distributing loads between girders than the diaphragms.
So long as the deck remains composite with the girders, the deck provides the required
redundancy.
Figure 2.5 shows a simplified connection detail between the girders and the diaphragm.
The X-frame diaphragm is attached to the diaphragm connection plates which are attached to
the web and flanges of the girders. The X-frame diaphragm components are typically angles
with gusset plates welded to their ends; the gusset plates are not shown in Figure 2.5 for clarity.
The gusset plates are then bolted to the connection plate which is welded to the flanges and
web of the girder. The welds of the diaphragm connection to the flanges and the web tend to be
critical fatigue details.
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The diaphragms are typically installed in the field during the erection of the girders.
When a girder is erected into position, the diaphragm gusset plates are bolted to the diaphragm
connection plates. Since the connection plates and gusset plates are bolted together in the field,
precise placement of the bolt holes in the gusset plates and the connection plates is required in
the fabrication shop. Field installation, coupled with tight fabrication tolerances, make the
diaphragm connection an expensive item in the superstructure. Although the amount of steel
used to fabricate the diaphragms may be small, the labor and precision required in their
fabrication and installation make the cost per unit weight of diaphragms very high (Huzzard,
1996).
The fifteenth edition of the AASHTO Standard Specifications for Highway Bridges
(1992) arbitrarily limited the maximum diaphragm spacing to 7.6 m (25 ft) partly to provide
lateral stability to the girders. The AASHTO LRFD Bridge Design Specifications (1994)
requires only that the diaphragm spacing be determined for the construction stage or other
applicable conditions. Although the current AASHTO LRFD specifications do not limit the
spacing of the diaphragms, the practical limit on diaphragm spacing is approximately 7.6 m,
particularly for HPS girders that are optimized to reduce their weight.
2.2.2 Loading Conditions and Limit States for Composite I-Girder of Bridge
Superstructures
Several factors affect the design and behavior of a bridge superstructure. One factor is
the loading conditions which are the direction, amplitude, and the variation of amplitude with
time of the forces acting on the bridge. A second factor is the limit states of the components of
the bridge superstructure. Limit states are limits on the capability of the components of a bridge
to adequately resist the loading conditions. These two factors are related to the stages in the life
of a bridge. The life span of a highway bridge has two primary stages: (1) the construction
stage and (2) the service stage. The construction stage of the bridge includes the fabrication and
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erection of the various components of the bridge. The service stage is the usable life of the
bridge which may include rehabilitation and repairs. The construction stage is short compared
to the service stage in the life of a modem highway bridge.
In each stage, the bridge experiences loads from both internal and external sources.
Internal sources of loads are the components of the bridge superstructure itself or attachments
like utility pipes; these are commonly referred to as the dead load. External sources include
loads from vehicles, wind or earthquakes.
Combinations of different loads on the bridge are the loading conditions for which the
bridge is designed (AASHTO, 1994). While many loading conditions need to be considered for
the service stage, only a few loading conditions are considered for the construction stage. One
important loading condition is the dead load of the bridge when the bridge is only partially
completed. In the construction stage, each component has to be designed to resist its own
factored dead load and the factored dead load for the components it supports. For instance, the
steel superstructure must support the factored dead load from its own weight plus the weight of
the concrete deck.
For each loading condition, each bridge component must be designed for one or more
limit states. Some of the limit states used in the design of steel bridge superstructure are
strength, deflection, fatigue resistance, web buckling, local flange buckling, and lateral-
torsional buckling. The importance of each limit state changes between the construction and
service stages. For instance, deflection and fatigue limit states are concerns for the bridge under
the effect of live load during the service stage. Strength and the various buckling limits are
concerns during both the construction and the service stages.
Bridge 'girders designed using high performance steels may be lighter than girders
designed using lower strength conventional steels, but their design can be controlled by limit
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states that do not control designs using lower strength steels (Sause, 1995). High performance
steel (HPS) is steel with a yield strength of 485 MPa (70 ksi) or more. High performance steel
is expected to have better weldability, ductility, and fracture toughness than other high yield
strength steels. A girder designed using high performance steel would be smaller and lighter
than a girder designed using conventional strength steels when all other factors are held
constant.
Deflection limit states for HPS bridge girders are more critical than for conventional
steel bridge girders. High strength steels have the same modulus of elasticity as conventional
steels. A smaller, lighter HPS girder would deflect more than a conventional steel girder under
the same load. Fatigue limit states for HPS bridge girders are also more critical than for
conventional steel girders. Since the stress in a HPS girder is higher than in a conventional steel
girder under the same loading conditions, the HPS girder would have a lower fatigue life unless
more fatigue-resistant details are used. Buckling limit states for HPS girders are also more
critical than for conventional steel girders since the buckling limit states are often independent
of the yield strength of the material.
The girders in a bridge superstructure support the dead load of the bridge, including the
wet concrete of the deck, during the construction stage. This dead load can be a significant
portion of the total vertical load acting on the structure and is resisted only by the girders. A
light-weight steel girder may be designed to satisfy all of the necessary limit states during the
service stage when it is composite with the concrete deck. However, the web or compression
flange may be slender during construction, and the stability of the girder may be a concern.
After the compression flange -is composite with the concrete deck, the flange has continuous
lateral support in the positive moment region, eliminating the stability concern. Furthermore,
after the compression flange is composite with the deck, the depth of the compression zone in
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the web and the level of stress of compressive flexural stresses in the web and compression
flange decrease with any additional load (e.g., wearing surfaces and live load), greatly reducing
the possibility of web and local flange buckling. As a result, the compression flange in the
positive moment region of a composite I-girder bridge tends to be small, and tends to be more
critically loaded during the construction stage.
2.3.3 AASHTO Equations
The AASHTO LRFD Bridge Design Specifications (1994) include equations to
determine the lateral-torsional buckling moment that are much simpler than the solution for the
coupled differential equations, Equations 2.1 and 2.2. Figure 2.6 shows the nomenclature used
by AASHTO LRFD in calculations of the slenderness and lateral-torsional buckling moment
capacity of steel girders. The cross-section in Figure 2.6 is shown for the non-composite
construction stage of the positive moment region of a girder.
The AASHTO equations assume that the section is doubly symmetric. This eliminates
the Px term in Equation 2.2. Most bridge girders are not doubly symmetric, as a large
compression flange is not required for the service stage loading conditions in the positive
moment region. A second assumption is that the moment gradient, M;, can be ignored in the
solution of the differential equations (i.e., uniform moment), and then can be included after the
lateral-torsional moment is determined. The moment distribution factor, Cb, is used to adjust
the lateral-torsional moment based on the actual distribution of the moment.
The primary focus of this thesis is lateral-torsional buckling of steel girders during
construction. AASHTO LRFD Article 6.10.10 addresses constructibility of a steel I-girder. The
constructibility articles use the non-compact design criteria for all girders and assumes non-
composite behavior during construction. The nominal flexural resistance of the girder is
considered in Article 6.10.10.2, and is defined by equations dealing with the web slenderness,
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(Eq.2.3)
compression flange slenderness, and compression flange bracing (i.e., lateral support of the
compression flange). Web slenderness is addressed in Article 6.10.10.2.2. Compression flange
slenderness is addressed in Article 6.10.10.2.3. The compression flange bracing is addressed in
Article 6.10.10.2.4.
In the following discussion of the design criteria, several references are made to the
web slenderness and compression flange slenderness. The quantity bI /2tI is the compression
flange slenderness ratio and the quantity 2Dcltw is the web slenderness ratio. Dc is the depth of
the web in compression, and bl, tl' Dc, and tware shown in Figure 2.6.
AASHTO LRFD Article 6.10.10.2.1 states that a girder which satisfies web slenderness
and compression flange slenderness and are adequately braced against lateral-torsional
buckling have a nominal flexural resistance, Mm equal to the following:
Mn =RbRhM y
where Rb and Rh are the flange stress reduction factors.
The flange stress reduction factors are defined in Article 6.10.5.4. The first is the
hybrid reduction factor, Rh, and is for hybrid girders where the yield stress or the stress level in
the flanges exceeds the yield strength of the web. The capacity of the flanges is reduced by Rh
to account for the increased stresses in the flanges from yielding of the web (compared to
stresses determined from beam theory). For girders with approximately equal yield strengths in
the flanges and web, Rh equals 1.0. In this thesis, Rh is taken as 1.0.
The second flange stress reduction factor is the load shedding factor, Rb• The load
shedding factor takes into account the non-linear variation of stresses caused by flexural
buckling of a slender web. As the web buckles, it redistributes (sheds) stresses into the flanges.
Rather than increase the stresses in the flanges, the reduction factor accounts for the shedding
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of stresses into the flanges. Rb is used if a longitudinal stiffener is not provided and if the
slenderness of the web exceeds the following:
(Eq.2.4)
where ~ is used to defme the amount of restraint provided to the web by the flanges.
If the area of the compression flange is greater than or equal to the area of the tension
flange then ~ equals 5.76. Otherwise, ~ equals 4.64. The load shedding factor is calculated as
follows:
R -1-( a, J[2De -). rKJb- 1200 +300a, t
w
bfJ:
where Ie is the current stress level in the compression flange,
with Ate is the area of the compression flange.
(Eq.2.5)
(Eq.2.6)
Article 6.10.10.2.2 defines the limits on the web slenderness by reference to Article
6.10.5.3.2b. There are two limits given in that article. One is without longitudinal stiffeners and
the other includes the effect of longitudinal stiffeners against web buckling. The web
slenderness limit without longitudinal stiffeners is as follows:
(Eq.2.7)
. The web slenderness limit for girders with longitudinal stiffeners is as follows:
(Eq.2.8)
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Article 6.10.10.2.3 defines the limit on the compression flange slenderness. The
slenderness limit in LRFD Article 6.10.5.3.3c is used. The compression flange slenderness
during construction is strictly limited to:
hI ~138 I_--.:E==
2tt t ~2L1,
c t
w
(Eq.2.9)
Article 6.10.10.2.4 provides a limit on the spacing of the compression flange bracing
(provided by diaphragms and other braces) for the construction stage. If the unbraced length
exceeds the limit, the nominal flexural resistance is calculated using Article 6.10.6.4. If the
unbraced length is less than the limit, the yield moment can be reached, and the nominal
flexural resistance is given by Equation 2.3. This corresponds to a girder in Branch AB of
Figure 2.5. The limit on the unbraced length is as follows:
4 =1.76r,~ EFyc (Eq.2.1O)
where r t is taken as the radius of gyration of the compression flange about the vertical axis for
the construction stage, and Fyc is the specified minimum yield strength of the compression
flange.
If the limit on the unbraced length given by Equation 2.10 is exceeded, then the
nominal flexural resistance is calculated using Article 6.10.6.4. The article provides the lateral-
torsional buckling resistance for stocky web girders and slender web girders.
A stocky web girder is not susceptible to flexural buckling of the web. This allows the
St. Venant torsional resistance, given by GJ in Equation 2.2, to be included in calculating the
elastic lateral buckling moment. Also, Article 6.10.6.4.1 neglects inelastic lateral-torsional
buckling of stocky web girders. A slender web girder is susceptible to flexural buckling of the
web, and inelastic buckling.
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If a longitudinal stiffener is provided or the web slenderness ratio satisfies the limit of
Equation 2.4, then the web is stocky. The nominal flexural resistance, Mm is the lateral-
torsional buckling moment, as follows:
(Eq.2.11)
where lye is the moment of inertia of the compression flange about the vertical axis and d is the
total depth ofthe web.
If the web slenderness exceeds the limit of Equation 2.4, two unbraced limits are
calculated, the plastic length, Lp, and the transition length between elastic and inelastic
buckling, Lr• The plastic length, which defines point B, on Figure 2.3 is as follows:
(Eq.2.12)
where r' is the radius of gyration of the compression flange about the vertical axis. It should be
noted that r' is equal to r, (in Equation 2.10) only for the construction stage.
The transition length, Lr. is determined by setting Equation 2.11 equal to one half the
yield moment (with Rh =1 and Cb =1) and solving for Lb. Since the web is slender, the St.
Venant torsional resistance GJ is set to zero. Lr is as follows:
(Eq.2.13)
where Sxe is the section modulus of the entire steel girder cross-section about the horizontal
aXIS.
Slender web girders can buckle inelastically when Lb is between Lp and Lr• For those
girders, the lateral-torsional buckling moment is determined, as a function of Lb, from a straight
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line between the yield moment and Lp, and one-half of the yield moment and Lr (see Figure
2.3). The nominal flexural resistance is calculated as follows:
(Eq.2.14)
If the unbraced length is greater than Ln then the elastic lateral-torsional buckling
moment is calculated as follows:
(Eq.2.15)
The main focus of this thesis is the lateral-torsional buckling of bridge I-girders during
the construction stage. Equation 2.4 defmes the slenderness of the web. For stocky webs,
Equation 2.11 determines the lateral-torsional buckling resistance. Most typical steel bridge 1-
girders will be slender during the construction stage, and Equation 2.14 and 2.15 will determine
the lateral-torsional buckling resistance.
2.4 Previous Research on Lateral-Torsional Buckling of Girders
2.4.1 Introduction
Previous research has investigated the lateral-torsional buckling behavior of beams and
girders in the elastic and inelastic ranges. Most of the research has considered the short span
rolled beams or small welded girders that are used in buildings. Earlier work, for example
Galambos (1963), dealt with solutions for inelastic buckling. Later work proposed methods to
improve the elastic or inelastic behavior of beams. The previous research related to the research
in this thesis is briefly summarized in this section.
2.4.2 Lateral-torsional Buckling Analysis
Austin, et. al (1957) analytically investigated the lateral-torsional buckling resistance of
doubly-symmetric beams with varying elastic end-restraints. In frame structures, connections to
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frame with rigid connections. The compression flange behaves similar to a column in
compression (SSRC, 1988), and the FRRB behaves as the beams of the frame, restraining the
columns. The rotational restraint reduces the effective unbraced length of the compression
flange between the braces, and the lateral-torsional buckling resistance is increased. The effect
of the FRRBs can be quantified by an effective length factor. An unbraced length with pinned-
pinned condition has an effective length factor, termed K, equal to 1.0. The effective length
factor for the fixed-fixed condition is K equal to 0.5. The use of the effective length factor
allows the brace spacing to be significantly increased. ill the midspan region of the bridge
girder, the diaphragm spacing can be increased approximately 50%, because K factors of
approximately 0.65 are readily attainable using FRRBs.
3.3 Batten Plate Concept
3.3.1 Description and Behavior
A beam with stiffeners and batten plates has higher lateral-torsional buckling moment
capacities than the same beam without stiffeners and batten plates. Takabatake (1988) states
that the increase in the capacity is due to considering the effect of local increases of the
torsional constant and the weak axis moment of inertia at the location of the attachments.
Figure 3.4 shows the elevation of a beam with the location of batten plates and
stiffeners using the notation of Takabatake (1988). The distance Zsi is the length from the end of
the beam to the centerline of an arbitrary transverse stiffener i. Similarly, the distance Zpi is the
length from the end of the beam to the centerline of an arbitrary batten plate i. The thickness of
the stiffener is ts while the width of the batten plate is bp as shown in the figure. Although only
one stiffener and batten plate are shown in the figure, any number of stiffeners or batten plates
can be utilized. Figure 3.5 shows cross-sections at the locations of the transverse stiffeners and
the batten plates. ill each case, the stiffeners or batten plates are assumed to be on both sides of
29
the web. The width of the stiffener is bs while the thickness of the batten plate is tp as shown in
the Figure 3.5.
Takabatake (1988) assumed the following: (1) the beam is a doubly symmetric,
uniform I-shaped beam, (2) lateral buckling is elastic buckling, and (3) the beam has negligible
in-plane distortion, initial imperfections, and residual stresses. While these assumptions
simplify the calculation of the critical lateral-torsional buckling moment, the third assumption
significantly constrains the applicability of the proposed method. Most I-shaped beams have
significant residual stresses.
The effect of the local increase in the torsional constant and the weak axis moment of
inertia provided by each stiffener and batten plate is determined using the Dirac function in
series (Takabatake, 1988). The Dirac function enables the instantaneous change in the torsional
constant and the weak axis moment of inertia to be determined. An energy method is used in
conjunction with the assumptions listed above to develop the following relationships for the
modified weak axis moment of inertia, IY1> and the torsional constant, J j :
2 s () 2 p (z 07rJ_ . 2 Zsi7r . 2 pIIy1 - I yO +-LIyis sm -- +-LI)pbpsm --
L i=l L L i=l L
(Eq.3.1)
(Eq.3.2)
where Iyo is the weak axis moment of inertia and Jo is torsional constant of the unmodified
beam, L is the unbraced length, Iys and Iyp are the increases to the moment of inertia due to the
stiffeners and the batten plates, respectively, and Js and Jp are the increases to the torsional
constant due to the stiffeners and the batten plates, respectively.
The critical moment for the modified beam is determined by using the increased
torsional constant and weak axis moment of inertia in the standard elastic lateral-torsional
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buckling equation. However, Takabatake (1988) states that the increase in the weak axis
moment of inertia is negligible. Using the modified torsional constant and the unmodified weak
axis moment of inertia yields the following critical moment for lateral-torsional buckling:
(Eq.3.3)
Takabatake, et. al (1991) performed experiments on 14 beams to verify the validity of
Equations 3.1 and 3.2. While the beams with stiffeners and batten plates performed better than
those without them, the results did not compare well with the predicted results. Takabatake, et.
al (1991) reconciled the differences in the results by applying a correction factor, lC, to the
torsional constant. The correction factor, lC, accounts for the effect of the location of the
stiffener on the torsional constant. The correction factor has different coefficients for transverse
stiffeners versus batten plates. For batten plates, the correction factor depends on Zpi' For Zpi
between zero and L/2:
(Eq.3.4)
For Zpi between L/2 and L:
(Eg.3.5)
The effect of lC is to reduce the increase of the torsional constant. The modified
formulation for the increased torsional constant has lC inside the appropriate summation as
follows:
(Eq.3.6)
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The correction factor K: introduced by Takabatake, et. al (1991) to account for
differences between the experimc 'al results and the theoretical results is based on a limited
number of tests. Hence the correction factored has only limited applicability.
In contrast to the theoretical approach taken by Takabatake (1988), Szewczak, et. al
(1983) considered the effect of stiffeners in terms of the flexural and torsional stresses.
Torsional loads create pure torsional, warping shear, and warping normal stresses in addition to
the typical normal and shear stresses. Szewczak, et. al (1983) performed finite element analyses
to determine the extent of torsional stiffening provided by several different stiffener
configurations. Szewczak, et. al (1983) concluded that the contribution of stiffeners depends
not only on the type and location of the stiffeners but also on the torsional supports of the
beam. The stiffeners can increase the torsional stresses under some support conditions and
stiffener arrangements. For multiple stiffeners, Szewczak, et. al (1983) report that the reduction
in the stresses can be significant if the location is at the quarter points for pinned torsional
restraints. Szewczak, et. al (1983) conclude that transverse stiffeners are ineffective inreduc~
torsional stresses while batten plates exhibit some ability to reduce torsional effects.
3.3.2 Finite Element Analysis
Takabatake, et. al (1991) and Szewczak, et. al (1983) performed studies on the effect of
stiffeners on the lateral-torsional behavior of beams with dimension proportions typical of
building frames. The method developed by Takabatake (1988) allows for the consideration of
numerous stiffeners as might be required for bridge girders. Finite element analyses were
performed to determine if batten plates can improve the lateral-torsional buckling behavior of
bridge girders. A commercial finite element package was utilized for elastic lateral-torsional
buckling analyses of girders with batten plates.
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The 33.5 m bridge mentioned in Section 2.4 was used as the test span in the finite
element analyses. Due to the symmetry of the girder and the loading conditions, only one half
of the bridge was modeled. Figure 3.6 shows the cross-section dimensions of the singly-
symmetric girder used in the buckling analysis. The depth dimension is the center-to-center
distance between the top and bottom flanges. Each batten plate is 1325 mm (52.2 in) high by
670 mm (26.4 in) wide. The thickness of each batten plate is 20 mm (0.79 in).
Figure 3.7 depicts the simplified stress-strain relationship for the steel used in the finite
element model. The elastic modulus, E, is 200,000 MPa (29,000 ksi), and the Poisson's ratio, v,
is 0.295. The yield strength, Fy, is 485 MPa (70 ksi), and the ultimate strength, Fu, is 690 MPa
(100 ksi).
The half-span model was divided into 100 evenly spaced elements lengthwise. The
length of all elements was 167.5 mm (6.59 inches). The flange elements were all 87.5 mm (3.44
inches) wide; four elements were used across the total width of the flange, to allow residual
stresses to be included in the model. The residual stresses are discussed further in Chapter 4.
Six elements were used across the depth of the web. The width of the web elements depended
on their proximity to the flanges. The web elements attached to the flanges had the smallest
width. The web elements near the center of the web were the widest. Each batten plate was
composed of four columns of elements with the same dimension as those used in the web. Eight
noded thick shell elements were used for each element. The transverse shear strain can be
determined along with the membrane and bending strains in the thick shell elements.
In order to judge the effect of the batten plates, several configurations of batten plates
were developed. Figure 3.8 shows the locations of the batten plates in the configurations. The
numbers indicate the number of nodes from the batten plate centerline to the midspan. Each
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batten plate location has one batten plate on each side of the web. The nomenclature for the
configurations is as follows:
(1) B-O: no batten plates in each half-span and bracing at the end,
(2) B-2: 2 batten plates in each half-span and bracing at the end,
(3) BB-2: 2 batten plates in each half-span and bracing at midspan and end,
(4) B-4: 4 batten plates in each half-span and bracing at the end,
(5) B-4A: same as B-4 but with a different spacing,
(6) B-6: 6 batten plates in each half-span and bracing at the end, and
(7) B-12: 12 batten plates in each half-span and bracing at the end.
Boundary conditions were used to impose symmetry about the midspan cross-section.
Also, boundary conditions modeled the support and bracing at the end of the girder. Figure 3.9
shows the cross-section of the model at the midspan. Points A, B and C all lie along the y axis
of the beam; point A is in the top flange, point B is in the web and point C is in the bottom
flange. Points A' and C' are points in flanges away from the axis. The z axis is the longitudinal
axis of the beam. Table 3.1 lists the boundary conditions for each point at the midspan. The
deflections of the midspan cross-section are controlled through point A. The web is not
permitted to distort at this cross-section so points Band C are rigidly constrained to point A.
The boundary conditions are required by the symmetry conditions at midspan. Figure 3.10
shows a cross-section of the model at the support end. The points are defined in the same way
as for Figure 3.9. The fixed boundary below the bottom flange prevents y axis deflection. Also,
x axis deflection and z axis rotation (twist) are not permitted. Table 3.2 lists the boundary
conditions for each point at the support end. The boundary conditions are controlled through
point C. The web is not permitted to distort at this cross-section. Thus, the points on the web
are rigidly constrained to point C. As a result of this constraint, lateral deflection and twist of
the cross-section are not permitted.
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The top flange of the girder was loaded with a uniform unit pressure along its length.
The buckling loads and modes were determined using an eigenvalue analysis. Table 3.3 lists the
flange pressure required to cause the girder model to laterally buckle. The critical moment is
the maximum moment due to a uniform load based on the flange pressure times the top flange
width. The critical moment labeled as Takabatake Method was determined using Equations 3.1,
3.3, and 3.6. As shown in Table 3.3, the method developed by Takabatake (1988) does not
provide reasonable results for this girder. Furthermore, the results in Table 3.3 show that a
large number of batten plates are needed to provide even a modest increase in the critical
moment (i.e., the lateral-torsional buckling moment capacity).
3.4 Pairs of Girders
3.4.1 Description
The FRRB has the potential to reduce the number of diaphragms and corresponding
attachments to the girder by increasing the distance between diaphragms (i.e., the unbraced
length). To further reduce the number of attachments, the girders of the bridge can be
fabricated and erected as pairs of girders. A girder pair is composed of two welded plate girders
connected by diaphragms along the length of the girder. The girder pair can be fabricated in the
shop and transported to the field as a unit. Alternately, the installation of the diaphragms can be
completed in the field. After erection, the girder pair would not be connected to other girder
pairs in the bridge by diaphragms. The use of girder pairs could reduce erection time, the
number of diaphragms, and the number of diaphragm connections. Redundancy in the bridge is
provided by the concrete deck and the diaphragms of the girder pair.
Figure 3.11 compares framing plans for hypothetical superstructures using (a) standard
diaphragms and (b) girder pairs with diaphragms with FRRBs. The number of diaphragms and
corresponding attachments is reduced significantly using girder pairs with FRRBs.
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3.4.2 Benefits and Concerns
By reducing the number of diaphragms and corresponding attachments to each girder,
the economics of the bridge can be improved. Fewer attachments can also improve the fatigue
life of each girder. If the girder pair is fabricated entirely in the shop, better quality fabrication
and assembly can occur. Typical steel bridges are erected with an initial pair of girders and then
individual girders are framed into the system. This requires attachment of the diaphragms to
each girder during erection. With the girder pairs, each pair can be erected independently.
Without the attachment of diaphragms during girder erection, the erection and inspection
process is improved in several ways. For instance, the proper tightening of the diaphragm
connection bolts during erection would no longer be a concern as the diaphragm connections
would be completed before erection. Each girder pair is a stable unit.
.£:
The redundancy of the bridge is a concern. However, redundancy is not significantly
reduced by using girder pairs. Each girder is attached to a second girder and therefore load can
be transferred through the secondary members, the diaphragms, and FRRBs. The concrete deck
can distribute loads to each girder and between the girder pairs.
The girder pair concept generates a second concern. The second concern is that the
system needs to be able to incorporate the grading of the roadway. If the girders are level in
each pair, one of the girders would have a large deck haunch. Alternately, if the diaphragm is
inclined to follow the grading, it may complicate the design, fabrication, transportation, and
erection of a girder pair. Also, the girder pair concept may not be useful for bridges where the
diaphragms are primary members, such as horizontally curved bridges.
3.5 Summary
Three bridge girder design concepts were discussed in this chapter. The FRRB design
concept has the potential to increase the unbraced length (diaphragm spacing) for bridge
girders.
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Subsequent chapters discuss means to analyze the effectiveness of FRRBs to improve the
lateral-torsional buckling moment. The batten plate concept can increase the torsional
resistance of the cross-section. It was found that the effect of the batten plates did not
substantially reduce the need for bracing. The girder pairs can be used with or without the
FRRB design concept to increase the economy of an I-girder bridge.
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Table 3.1 Boundary conditions at midspan of finite element models
Location
DOF A A' B C C'
~ free free rigid constraint rigid constraint free
to point A to point A
J1y free free " " free
I1z fixed fixed " " fixed
ex fixed fixed " " fixed
I'
ey fixed fixed " " fixed
ez free free " " free
Table 3.2 Boundary conditions at support end of fmite element models
Location
DOF A A' B C C'
~ rigid constraint free rigid constraint fixed free
to point C to point C
J1y " free " fixed fixed
J1z " free " free free
ex " free " free free
ey " free " free free
ez " free " fixed fixed
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Table 3.3 Results of finite element models of girders with batten plates
Study Case Flange Pressure Critical Moment (kN-m)
(N/mm2) Finite Element Analysis Takabatake Method
B-O 0.0136 667 438
B-2 0.0167 821 2,029
BB-2 0.0494 2,424 6,177
B-4 0.0186 913 3,380
B-4A 0.0197 966 4,713
B-6 0.0217 1,065 5,600
B-12 0.0323 1,587 10,929
Note: To convert to ksi, 1 ksi =6.90 N/mm2 (MPa). To convert to kip-ft, 1 kip-ft =1.356 kN-m
39
Top Flange Flange Rotational Restraint Brace
Bottom Chord
Bottom Flange
Figure 3.1 Diaphragm with flange rotational restraint brace
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Figure 3.2 Isometric view of girder pair with FRRBs
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Figure 3.6 Cross-section of finite element models for girders with batten plate
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Figure 3.7 Stress-strain relationship used in finite element models
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4. Finite Element Models of Lateral-Torsional Buckling Behavior
4.1 Introduction
Finite element models of inelastic lateral-torsional buckling of steel I-girders are
developed and verified in this chapter. The primary purpose of developing and analyzing the
models is to determine the effectiveness of the FRRB concept. A study by Kubo and Fukumoto
(1988) provided examples of lateral-torsional buckling that were used to calibrate the fmite
element modeling approach. Then a brief study of inelastic buckling of a finite element girder
model with FRRBs was conducted. The finite element models and methods of analysis
developed in this chapter are the basis for the other finite element analyses presented in this
thesis.
4.2 Background
Kubo and Fukumoto tested welded-plate beams to investigate the interaction of lateral-
torsional and local buckling. Although the beam spans were quite short, the web slenderness
ratio (hi tw ) and the lateral-torsional slenderness ratio (4/ry ) of the beams were close to those
typical for steel bridge I-girders. The compression flange slenderness ratios for the beams in the
test were higher than permitted than by the AASHTO LRFD (1994) Bridge Design
Specifications without severe reductions in the moment capacity.
The beams tested by Kubo and Fukumoto (1988) had spans between 1.5 m (4.92 ft) and
3.35 m (11 ft). They tested four series of beams with different overall dimensions (overall
depth by flange width):
(1) BIB - 250 mm deep by 125 mm wide,
(2) B2B - 300 mm deep by 150 mm wide,
(3) B3B - 200 mm deep by 150 mm wide, and
(4) B4B - 250 mm deep by 150 mm wide.
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Table 4.1 shows the dimensions and slenderness ratios of three of the beams from the
B2B series. The web and compression flange slenderness ratios, given by hit
w
and
bltf respectively, are similar for the three specimens, but the lateral-torsional slenderness
varies. B2B-C1 has a lateral-torsional slenderness ratio, given by 4/ry , typical for steel bridge
girders. In Figure 4.1 a cross-section of t~e symmetric girder defines the dimensions listed in
Table 4.1.
The material properties were determined for the web and flange plates for each beam
series in the test. For specimen B2B-C1, the yield stress of the flange was 286 MPa (41.5 ksi).
The web yield stress was 292 MPa (42.3 ksi). The average elastic modulus, Poisson's ratio,
yield strength and ultimate strength values are given in Table 4.2 for all four series.
The residual stresses were measured for each test series using the sectioning method.
The average value of the residual stresses measured in the series B2B was 033· Fy at the center
of the flange and 0.50· Fy at the flange tips. The high residual stresses were attributed to the
welding process. The initial out-of-straightness (geometric imperfections) was measured for the
beams at five equally spaced points along the beam. The initial out-of-straightness had a mean
value of L /7,300 in the strong direction of the beam (perpendicular to the major axis) and a
mean value of L /5,320 in the weak direction of the beam (perpendicular to the minor axis).
The beams were simply-supported and loaded in 3 point bending. The load was applied
at midspan, 25 mm (1 in) above the top flange. Bearing stiffeners were placed on both sides of
the web at the point of loading. The ends of the beams were restrained against lateral deflection
and twisting but were not restrained against warping. The unbraced length, Lb, was equal to the
span length, 1.
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Figure 4.2 shows the normalized moment capacity versus midspan deflection curves for
beam B2B-C1 (Kubo and Fukumoto, 1988). Beam B2B-C1 laterally buckled at an ultimate
moment, MUll> of 37.2 kN-m (27.4 kip-ft). The ultimate moment of B2B-C1 was approximately
58% of the yield moment, and the corresponding load, Pull> was 44.4 leN (10.0 kips). In the test,
the lateral deflections were measured at each flange and the vertical deflection was measured at
the center of the bottom flange. Twisting of the section accompanied the lateral deflection as
shown by the difference in the top and bottom flange lateral deflections in Figure 4.2. Since the
web slenderness is low (and the web is stocky), the torsional resistance of the entire cross-
section aids in resisting the buckling.
Figure 4.3 shows the normalized moment capacity versus longitudinal strains on the
upper and lower surface of the top (compression) flange for beam B2B-C1 (Kubo and
Fukumoto, 1988). The strain gages at the upper surface are £\ on the left flange tip of the beam
and £2 on the right flange tip. The strain gages on the bottom surface are £3 on the left flange tip
of the beam (beneath £\) and ~ on the right flange tip (beneath £2)' The strains in Figure 4.3
were measured near the tips of the flange on the top and bottom surfaces.
When the strain measurements begin to show differences, strain separation is
occurring. Strain separation can occur in two ways. The first type of strain separation can be
seen by differences in the strains on the opposite tips of the flange. When the strains on the
opposite tips of a flange separate, one tip is experiencing less compressive strain than the other
tip, indicating lateral-torsional buckling. The second way is denoted by differences in strains on
the same tip and on the opposite surfaces. When the strains on the upper and lower surfaces of
a flange separate, one surface is experiencing less compressive strain than the other surface.
This is indicative of local flange buckling. As the beam buckles, the strain at one location can
go into positive strain.
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For beam B2B-Cl, strain separation occurs between the two flange tips (compare E)
and E2, and E3 and E4), indicating lateral-torsional buckling, followed by local buckling on one
side. Clearly at the peak load, the two strains at each flange tip (E) and E2' and E3 and E4) are the
same, indicating local buckling occurs after the peak load is reached. After one mode of
buckling has initiated, the beam is locally weakened and other modes of buckling can be
introduced.
4.3 Finite Element Analysis
4.3.1 Introduction
Finite element analyses were performed to simulate the test of beam B2B-Cl. Since
Kubo and Fukumoto were investigating the interaction of local and lateral buckling, not all of
the tests were of interest in the present thesis. However, test results for beam B2B-Cl allow
finite element models which fail by lateral-torsional buckling to be calibrated. Also, since beam
B2B-Cl had a high lateral-torsional slenderness ratio (4/ry), it had proportions similar to
those of a steel bridge girder.
4.3.2 Modeling of Test Specimen B2B-C1
The finite element analyses presented in this section were not intended to precisely
replicate test results from Kubo and Fukumoto (1988). The analyses were conducted to
calibrate a finite element analysis approach to simulate the lateral-torsional buckling behavior
of girders with geometric imperfections and residual stresses. The goal of the analyses was to
provide lateral-torsional buckling behavior similar to that of beam B2B-Cl as reported by Kubo
and Fukumoto (1988). The finite element model was intentionally coarse to allow for easy
modification, rapid computation, and a minimum of output data.
The dimensions of beam B2B-CI were used to create the model. Due to the symmetry
of the beam and the loading, only half of the span was modeled. The half span of 1675 mm was
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divided into 40 equal elements with 41.875 nun lengths. Each flange was divided into four
elements across the width to permit residual stress to be modeled. The flange elements were
37.625 mm wide by 41.875 mm long. The web was divided into eight elements 36.75 mm wide
by 41.875 mm long. The thickness of each element was the same as the plate thickness given in
Table 4.1. Eight noded thick shell elements were used for all of the elements. In thick shell
elements, the transverse shear strain can be determined along with the membrane and bending
strains.
The material properties used in the model differed from the data for the B2B series
(Kubo, 1988). The yield strength, Fy, for the web and flanges was 290 MPa (42.1 ksi) in the
model with an ultimate strength of 438 MPa (63.5 ksi). Since the yield strength was a bit higher
than in the actual specimen, the yield moment of the cross-section in the model was slightly
higher than the actual specimen. The Poisson's ratio was 0.28 and the elastic modulus was
210,000 MPa (30,600 ksi). Figure 4.4 shows the stress-strain relationship used in the finite
element model. A tri-linear stress-strain relationship was used in the model. The first portion of
the relationship is the elastic behavior of the material. The hardening and plastic portions which
follow the elastic portion use the von Mises yield surface.
The finite element package utilized for the analysis allowed only a constant initial
stress over a single element. With only four elements across the flange, the model for the
residual stresses in the specimen was highly simplified. The outside elements of each flange
had a compressive residual stress and the interior elements had an equal tensile residual stress.
Figure 4.5 shows the residual stress pattern used in the model. The residual stress used, 150
MPa (21.8 ksi) is approximately 0.50· Fy • No residual stress is used in the web as the lateral-
torsional buckling is not significantly affected by web residual stresses (Galambos, 1963).
50
The initial out-of-straightness (geometric imperfections) were modeled by adjusting the
coordinates of the nodes of the web and the top flange. The maximum initial out-of-straightness
was 1 mm (0.04 inches), approximately twice the average reported by Kubo and Fukumoto
(1988). The following equation was used to specify the initial out-of-straightness of the
compression (top) flange perpendicular to the minor axis of the beam (i.e., the sweep):
d.x = _.!. - .!. cos(2z )
1 2 2 L (Eq.4.1)
where z varies between 0 at the midspan and L/2 at the support end. The following equation
was used to specify variation in the sweep over the height of the web:
(Eq.4.2)
where y varies between 0 and the depth, d. The tension (bottom) flange was assumed to be
straight. The total out-of-straightness of the web was the product of dXl and d.x2•
The residual stresses and the initial out-of-straightness in the model can greatly affect
the behavior of the model. With too much initial out-of-straightness, the model will buckle
prematurely or not behave as expected. If not enough residual stress or initial displacement is
included, then the model will be too strong. The amount of residual stresses was varied from
the 150 MPa shown in Figure 4.5 to arrive at a model that behaved as expected. Other residual
stresses attempted included 100 MPa, 120 MPa, and 200 MPa.
Boundary conditions were used to impose symmetry at the midspan cross-section.
Also, boundary conditions modeled the support end bracing at the end of the girder. Figure 3.9
shows the cross-section of the model at the midspan; the points in the figure are defined in
Section 3.3.2. Table 4.2 lists the boundary conditions for each point at the midspan. The web
deflections at midspan are controlled through point A. The web does not distort, thus points B
and C are rigidly constrained to point A. The remaining boundary conditions are required by
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the symmetry conditions at midspan. Figure 3.10 shows a cross-section of the model at the
support end. Table 4.3 lists the boundary conditions for each point at the support end. The
support conditions are controlled through point C. The web is not permitted to distort.
4.3.3 Results of Analyses
Non-linear, displacement-controlled static analyses of the finite element model were
conducted. Table 4.5 compares the results of the [mite element analyses to the results of the test
of beam B2B-Cl by Kubo and Fukumoto. Only the results based on the model with a residual
stress of 150 MPa are shown. The [mite element analysis results are very similar to the test
results. The table lists the maximum load, PUll> and the corresponding moment, Mull'
The test results and the finite element analysis results are very similar. The [mite
element analysis captured the lateral-torsional buckling behavior of the beam very well despite
6
the approximations made for the initial out-of-straightness and residual stresses. Figure 4.6
shows the location of the nodes used in the discussion of the analysis results. All of the nodes
are at the midspan of the girder. The vertical (y axis) deflection is labeled u2 for each node, and
the transverse (x axis) deflection is labeled u3. Figure 4.7 shows the location of elements used
in the discussion of the results. The strains in each direction are given at the upper and lower
surfaces of each element. The circles on the figure show the location where the strains are
reported.
Figure '4.8 compares the normalized moment versus the midspan deflection of the finite
element model with the results from Kubo and Fukumoto (1988). The locations of the nodes in
the finite element model are shown in Figure 4.6. The lateral deflection of the top and bottom
flanges are shown at Nodes 32100 and 100, respectively. For Node 32700, the vertical
deflection is shown and compared to the elastic deflection from linear elastic theory. The
expected elastic deflection compares well with vertical deflection from the finite element
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analysis with a constant difference of 10 percent until the beam experiences significant lateral
deflections. The analysis did not run through the post-buckling behavior.
The lateral deflection of Node 32100 is similar to the lateral deflection of the
compression flange of the test beam. In the test, the beam begins to experience significant
lateral deflections at a smaller load as can be seen in Figure 4.8. Node 100 does not experience
much lateral deflection, since the beam rotates about a point CLB close to the bottom flange. The
test deflections and finite element deflections compare very well.
-l
Figure 4.9 shows the deflected shape of the fmite element model. The deflection has
been magnified and the view rotated. Figure 4.9 shows that the beam pivots about a location
along the vertical axis close to the juncture of the bottom (tension) flange to the web. This
results in a large lateral deflection of the top (compression) flange with little or no lateral
deflection of the tension flange. The lack of distortion in the web confirms that the web was
sufficiently stocky to mobilize the torsional stiffness of the entire cross-section.
Figure 4.10 compares the strain separation in the top flange of the finite element model
of the beam with the test results from Kubo and Fukumoto (1988). The figure shows the
normalized moment versus strain. The locations of the elements shown in the figure are given
in Figure 4.7. The strain separation occurs between the two sides of the girder, indicating
lateral buckling. The analysis was terminated before local buckling.
4.3.4 Models of FRRB Behavior
The finite element model of beam B2B-Cl was modified to include the effect of
FRRBs attached to the ends of the beam. The first modified model included an FRRB modeled
using shell elements. Analysis of this model was intended to show that an FRRB would
improve the lateral-torsional behavior of the beam. The second modified model restrained the
in-plane rotation of the compression flange by attaching a rotational spring to the compression
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flange at the support end. Analysis of the second model was intended to show that the simplest
fonn of rotational restraint at the end of the unbraced length would improve the lateral-torsional
behavior of the beam.
The FRRB had the same thickness as the top flange, and was four elements wide. The
widths of the elements across the width of the FRRB were the same as the lengths of the
elements in the girder flange, so the total width of the FRRB was 167.5 mm (6.6 in). The length
of the FRRB was used to control the stiffness of the FRRB since the width and thickness were
set. The rotational restraint provided by the FRRB can be related to the rotational stiffness,
k(J = 2EI/L, of the FRRB. The derivation of this stiffness is given in Chapter 5. Figure 4.11
shows a plan view of the model with the FRRB incorporated. The length of the FRRB in the
model is shown in Figure 4.11. Only half of the FRRB was included in the model due to the
symmetry. The reasons for the symmetry assumptions and the symmetry boundary conditions
used in the finite element model are discussed in Chapters 5 and 6. The rotational stiffness of
the FRRB is 502 kN-m.
The rotational spring used in the second modified model had a stiffness of 3,000 kN-m,
approximately six times stiffer than the FRRB. The rotational spring was added to the
compression flange at the support end as a specialized element in the finite element model. The
spring element provided rotational stiffness only with respect to the vertical axis of the girder.
Table 4.6 shows the ultimate load, Pull> and the corresponding moment, MuIr. from the
analyses of the two modified models. The analysis with the FRRB achieved an increase of 59%
of the lateral-torsional buckling critical moment. Although stiffer, the rotational spring
achieved an increase of 54% of the lateral-torsional buckling critical moment, 97% of the
critical moment of the analysis with the FRRB. The difference in the behavior is possibly
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caused by the FRRB providing additional lateral and twisting restraint along the length of the
top flange.
Figure 4.12 shows the normalized moment versus midspan deflection for the FRRB
model. The location of the nodes is the same as in Figure 4.8. As with the previous analysis, the
elastic deflection compares well to the vertical deflection with a constant difference of 10
percent until the beam experiences significant lateral deflections. Node 100 experiences more
lateral deflection than in the previous analysis (although the load level is higher). In the latter
part of the analysis, the lateral displacement at Node 100 is roughly 60 percent of the
magnitude of that at Node 32100. This indicates that the location of point CLB has moved up
higher along the girder web than in the previous analysis.
Figure 4.13 shows the deflected shape of the fmite element model at the final step in
the analysis. The displacement has been magnified and the view rotated. A local buckle has
formed in the top flange near the midspan. Figure 4.14 shows the deflected shape of the finite
element model at an earlier stage of the analysis. The view was just after the beam buckled
laterally. The rotation and magnification of the deflected shape are the same as in the previous
figure. The local buckle that was visible in Figure 4.13 is just beginning to become visible in
this figure.
Figure 4.15 shows the normalized moment versus strain for the FRRB model. The
strain separation shown in the figure indicates the occurrence of both lateral-torsional buckling
and local flange buckling. Figure 4.15 shows that a local buckle develops near the point at
which the peak load is reached, confirming the observation from Figure 4.13. The beam has
buckled locally immediately after the lateral buckle formed. However, the lateral buckle had
begun to form earlier in the beam when the strains on the opposite tips of the flange began to
separate.
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Figure 4.16 shows the normalized moment capacity versus midspan deflection for the
analysis of the second modified model with the rotational spring. The elastic deflection
compares well to the vertical deflection with a constant difference of nearly 10 percent until the
beam experiences significant lateral deflections. The location of point CLB has moved up higher
than in the original model. This can be seen by the large lateral deflections of the bottom
flange. The model did not run through the post-buckling behavior.
Figure 4.17 shows the deflected shape of the fmite element model with the rotational
spring. The displacement has been magnified 8;Dd the view rotated. The twisting of the beam
corresponds to the shape expected from a beam in lateral-torsional buckling. The top flange in
compression has moved laterally and rotated over while the bottom flange in tension has mostly
translated due to rotation. Figure 4.18 shows the normalized moment capacity versus strain for
finite element model with the rotational spring. The strain separation indicates lateral-tl;>rsional
buckling has occurred.
4.4 Summary
Several conclusions can be drawn from the development and analysis of finite element
models of beam B2B-Cl. First, finite element models can be developed to simulate the lateral-
torsional buckling behavior of I-shaped girders. Through careful consideration of the finite
element modeling parameters, beam B2B-Cl from Kubo and Fukumoto (1988) served as a
basis for modeling lateral-torsional buckling behavior. Two of the most important modeling
parameters were the initial out-of-straightness and the residual stresses in the flanges. Second,
the modified finite element model with the FRRB had better lateral-torsional buckling behavior
than the original model of the beam alone. The modified model with the rotational spring also
had better lateral-torsional buckling behavior than the beam. These results provide further
motivation for the studies of I-girders with FRRBs, presented in Chapters 5 and 6.
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Table 4.1 Dimensions of beam specimens (Kubo and Fukumoto (1988))
Specimen d br tw tr Lb Lb/ry b/tr h/tw
B2B-Al 298.0 150.3 3.05 4.32 1800 53.8 17.40 94.80
B2B-Bl 298.3 150.5 3.05 4.31 2400 71.6 17.46 - 94.98
B2B-C1 298.3 150.5 2.94 4.22 3350 99.7 17.83 98.59
Note: All dimensions are in mm. To convert to inches, 1 inch = 25.4 mm.
Table 4.2 Mean material properties (Kubo and Fukumoto (1988))
Series Location Fy Fu E v ill.
(MPa) (MPa) (MPa) (%)
BIB 4.5 mm - flange 298 446 211,000 0.280 39
B2B 3.2mm-web 316 464 211,000 0.278 37
B3B 4.5 mm - flange 262 438 209,000 0.296 42
B4B 3.2mm- web 303 464 215,000 0.301 36
Table 4.3 Boundary conditions at midspan of finite element models
Location
DOF A A' B C C'
& free free rigid constraint rigid constraint free
to point A to point A
!:!.y free free " " free
!:!.z fixed fixed " " fixed
ex fixed fixed " " fixed
ey fixed fixed " " fixed
ez free free " " free
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Table 4.4 Boundary conditions at support end of finite element models
Location
DOF A A' B C C'
dx rigid constraint free rigid constraint fixed free
to point C to point C
t!J.y " free " fixed fixed
I1z " free " free free
9x " free " free free
9y " free " free free
9z " free " fixed fixed
Table 4.5 Results of finite element model
Pull MUll MUll/My PFE / Plesl
(kN) (kN-m)
Test Results 44.4 37.2 0.58 -
FE Model 43.8 36.7 0.56 0.99
Note: To convert to kips, 1kip = 4.45 leN. To convert to kip-ft, 1 kip-ft = 1.356 leN-m
Table 4.6 Results of modified finite element models
Pull MUll MUll/My Pmodified /
(kN) (kN-m) PFE
Original FE Model 43.8 36.7 0.56 -
FE Model with FRRB 70.4 59.0 0.91 1.59
FE Model with Spring 68.3 57.2 0.88 1.54
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had a high lateral-torsional buckling resistance as a results of very large compression (top)
flanges. The cross-sections were adjusted to insure that lateral-torsional buckling would control
the girder design for the construction stage. These adjustments included decreasing the top
flange size and also increasing the web thickness. This adjustment increased the weight of the
cross-sections by approximately ten percent.
Table 5.1 lists the cross-section dimensions of the four prototype girders. Figure 5.1
shows the general arrangement of the cross-sections and defines the symbols used in Table 5.1.
The girders were designed as composite girders in the service stage. Lateral-torsional buckling
controlled the design for the construction stage. A girder design was controlled by lateral-
torsional buckling when the lateral-torsional buckling capacity slightly exceeded the factored
construction stage load. The design of the girders for the service stage assumed that the 485
MFa (70 ksi) limit on the use of the plastic moment capacity could be ignored, and that fatigue
did not control the design of the cross-section.
The prototype girders were initially designed for the original unbraced lengths shown
in Figure 2.7. FRRBs were then designed for the girders (without changing the girder cross-
sections) using the increased unbraced lengths shown in Figure 5.2. Figure 5.2(a) shows the
increased unbraced lengths for the 33.5 m span. Figure 5.2(b) shows the increased unbraced
lengths for the 50 m span. Table 5.2 lists the FRRB dimensions. The FRRB dimensions are
constant for a given span length (Le., they do not change with yield strength). The FRRB length
given in the table is the center-to-center girder spacing. The FRRB dimensions were determined
such that a prototype girder with the increased unbraced lengths shown in Figure 5.2 would
have a lateral-torsional buckling capacity similar to that of the prototype girder with the same
cross-section dimensions and the unmodified unbraced lengths shown in Figure 2.7.
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5.2 Finite Difference Solution of Differential Equations
5.2.1 Introduction
The couple differential equations for lateral-torsional buckling, discussed in Section
2.2.3, can be solved using a finite difference approach. As noted in Chapters 3 and 4, the
FRRBs provide rotational restraint at the ends of an unbraced length between diaphragms (i.e.,
at the boundaries of the unbraced length). The differential equations cannot be solved directly
with the FRRB boundary conditions. However, a finite difference method can be used to solve
the coupled equations.
The finite difference method provides an approximate solution to differential
equations. The domain of the independent variables of the differential equation is discretized,
and the derivatives of the dependent variables are replaced with difference formulas written in
terms of the dependent variables at discrete points. Over the domain of discrete points, the
differential equations written in terms of the difference formulas become a system of
simultaneous equations which can be solved to determine the values of the dependent variables
at those points. The difference formulas are approximations of the derivatives. The accuracy of
the approximation increases with an increase in the number of points. Of course, with an
increase in the number of points, the size of the system of the simultaneous equations increases.
5.2.2 Formulation of Finite Difference Equations
The lateral-torsional buckling behavior of a girder is defined by two coupled
differential equations, Equations 2.1 and 2.2, which are repeated here:
EI ¢iv - (GJ + !vi fJ )Al" - M'fJ Al' + M u" =0OJ X x 'f' x x'f' x
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(Eq.5.1)
(Eq.5.2)
For an unbraced length with certain boundary conditions, closed fonn solutions of
Equations 5.1 and 5.2 can be obtained. For pin-ended lateral supports, u can related to $ by
solving Equation 5.1. Then Equation 5.2 can be solved using the relationship between u and $.
Figure 5.3 shows an unbraced length, ~RRB ,discretized into 2m even segments, h, with
2m+1 points. One lateral support end is point 0 and the other lateral support is point 2m.
These two points represent the ends of the unbraced length. The midpoint of the unbraced
length occurs at point m. The numbering of the other points is sequential from point 0 to point
2m. Points exist outside the unbraoed length, such as point -1 shown in Figure 5.3. Those points
are used to describe the boundary conditions. The finite difference model shown in Figure 5.3
can be used for unbraced lengths with or without FRRBs.
Equations 5.1 and 5.2 require difference formulas for the second and fourth derivatives
of u and $. The deflections u and $ are functions of the independent variable z which is the
distance from the lateral support at one end. The distance to point i is Zi, and the corresponding
u and $ deflections are u(z;) and ¢(Zi)' written as Ui and $i. Equations 5.1 and 5.2 can be
rearranged by separating the "resistance" terms from the "demand" terms. The resistance terms
are those terms that contain section and material properties. The demand terms are those which
the moment, Mo. The separation of the equations simplifies the matrix operations involved in
the solution. Equation 5.1 has the following form in terms of finite differences:
Equation 5.2 has the following form in terms of finite differences:
?
EI (¢i+2 - 4¢i+1 + 6¢i - 4¢i-1 + ¢i-2) _ GJ (¢i+l - 2¢i ~-1) =
()) h4 h2
M R (¢i+l - 2¢i + ¢i-1) _ M (Ui+1 - lUi + lli_l)
ofJx 112 0 h2
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(Eq.5.3)
(Eq.5.4)
Equations 5.3 and 5.4 are written for each point in the domain shown in Figure 5.3.
Thus for 2m+ 1 points, a system of 2(2m +1) equations results. In Equations 5.3 and 5.4, the
moment gradient, M;, is assumed to be zero (i.e., uniform moment) to simplify the equations.
5.2.3 Boundary Conditions
Boundary conditions at the ends of the unbraced length are necessary to solve
Equations 5.1 and 5.2. When the finite difference method is used to solve the equations, the
boundary conditions allow the dependent variables (u and <1» at points outside the domain (i.e.,
the unbraced length) to be eliminated from the system of equations. In Equations 5.3 and 5.4,
one or two points before and after each point in the domain are included in the difference
formulas. At points near the boundaries, points outside the boundaries are included in the
difference formulas. Writing equations for the boundary conditions will allow the points
outside of the boundaries to be related to points inside the boundaries (the domain).
The boundary conditions are complicated due to the presence of the FRRB. The
problem is simplified if the unbraced length is assumed to be symmetric with regards to the
length, and a solution is generated for only one half of the unbraced length. This requires that
the unbraced length is divided into two halves, as shown in Figure 5.3. Figure 5.4 shows the
boundary conditions at the midpoint and support end of half of an unbraced length.
At the midpoint of the unbraced length, symmetric boundary conditions are imposed.
The midpoint boundary conditions have the following form:
u' =0 =um+1 - um- 1
m 2h
¢J~ = 0 = ¢Jm+l;¢m-I
where m indicates the midpoint of the unbraced length.
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(Eq.5.5)
The equations above can be solved for the value of the dependent variables at points
beyond the midpoint in terms of values at points within the half of the unbraced length being
analyzed as follows:
Um+l = Um-I
¢Jm+l = ¢Jm-I
(Eq.5.6)
The relationships in Equation 5.6 are intuitive. If the segment is symmetric along the
length, then the lateral deflection at a point just before the midpoint will be the same as at an
equidistant point just after the midpoint. These relationships are used in the system of
simultaneous equations, represented by Equations 5.3 and 5.4, to eliminate points outside the
boundary at point m.
The support end with an FRRB has more complicated boundary conditions. Austin, et.
al (1957) investigated I-beams with in-plane rotational restraint of both flanges. For an I-girder
with FRRBs on the compression flange, the boundary conditions in terms of U and <p, are
similar to those developed by Austin, et. al (1957). The moment induced in the compression
flange from the curvature of the compression flange is related to the rotational stiffness of the
FRRB. The total lateral deflection of the compression flange, uc, is a combination of the lateral
deflection, u, and twist, <p, of the section
Uc = U + ¢J. d'(I- p) (Eq.5.7)
where d' is the distance center to center of·the flanges and p is the singly-symmetric parameter
defined by Kitipornchai and Trahair (1980). The singly-symmetric parameter is defined as the
following:
(Eq.5.8)
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Lateral deflection of the compression flange, as a result of lateral deflection and
twisting of the section, induces a moment in the compression flange about its vertical axis, Myc:
(Eq.5.9)
The lateral deflection of the compression flange produces a rotation about the vertical
axis of the flange at the location of the FRRB. The rotation of the FRRB about the vertical axis
of the compression flange creates the following moment, MFRRB:
(Eq.5.10)
where ke is related to the rotational stiffness of the FRRB and equals the following:
(Eq.5.11)
where Ef is the modulus of elasticity for the FRRB, Iyt is the moment of inertia of the FRRB
about the vertical axis, and Ls is the girder center-to-center spacing. As shown in Figure 5.4, the
FRRB can be represented by a rotational spring with stiffness ke at the lateral support.
Figure 5.5 shows the deflected shape of a portion of a girder pair with an FRRB. The
points of inflection in the lateral deflection of the compression flange are denoted with a circle.
The detail above the deflected shape shows the moments acting at the joint between the
compression flange and the FRRB. Using equilibrium about the joint, the moments are related
as follows:
(Eq.5.12)
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Substituting Equations 5.9 and 5.10 into Equation 5.12 yields the relationships between
the lateral deflection of the compression flange and the rotation of the FRRB. After separating
the variables, the relationships are as follows:
EI u" =ke u'yc 2
EI Ai" =ke Ai'ycV' 2 V'
(Eq.5.13)
The boundary conditions at the support end with the FRRB can be expressed in terms
of finite differences by replacing the derivatives with the finite difference formulas. In addition,
lateral deflection and twist are restrained at the support (z = 0, i = 0), meaning Uo and $0 equals
zero. The boundary condition for the lateral deflection in terms of finite differences at the
support location is the following:
(Eq.5.14)
Since U.I is not in the segment being analyzed, Equation 5.14 can be rearranged to
relate U.I to UI:
-4ElyC +keh
u - 11. - C 11.
-I - 4Elyc + keh "I - 0"1
(Eq.5.15)
where Co is the rotational restraint coefficient at point ZOo For simply supported lateral boundary
conditions, ke would equal zero and Co would equal -1 which is the expected value. For fixed
lateral boundary conditions, ke would equal infinity and Co would equal +1.
The boundary condition for $ are similar. The finite difference formulas for the twist in
terms of finite differences at the support location is the following:
CEq. 5.16)
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Since <P-I is not in the segment being analyzed, Equation 5.16 can be rearranged to
(Eq.5.17)
where Co is the same constant as defined in Equation 5.15.
5.2.4 Assembling and Solving the Finite Difference Equations
Once the boundary conditions are expressed in terms of finite differences, the number
of simultaneous equations will equal the number of unknowns. For the model of one half of the
unbraced length shown in Figure 5.5, the number of equations will be 2m where m is the
number of segments from the support end to the midpoint of the unbraced length. Since the
differential equations are coupled, the resulting simultaneous equations must be solved
together.
The unknowns are the critical lateral-torsional moment, Mo and the deflections Ui and <Pi
(from the UI and <PI to the Urn and <Pm). The simultaneous equations can be written in matrix
form. The critical moment is obtained from an eigenvalue analysis of the resistance matrix and
the demand matrix.
The resistance matrix, R, is composed of the elements from the left hand sides of
Equations 5.3 and 5.4. The demand matrix, D, is composed of the right hand sides of Equations
5.3 and 5.4. Since the unknown lateral-torsional buckling moment is a common element of the
right hand sides, the moment, Mo, can be brought outside of the demand matrix. In order to
facilitate the construction of the matrices, they can be partitioned into sub-matrices as follows:
(Eq. 5.18)
76
where zero tenus for entire sub-matrices have been applied according to Equations 5.3 and 5.4.
Each sub-matrix, including those that are zero matrices, is of size m x m. The vector is
composed of u and <P deflection sub-vectors, each containing m elements.
The coefficients in front of the values of the lateral deflection Ui on the left hand side of
Equation 5.3 populate the Rl,1 sub-matrix. Terms from the ith simultaneous equation are placed
in the ith row. Only some of the values in each sub-matrix are shown to give a sense of the
construction of the sub-matrices. The boundary conditions, expressed in terms of finite
differences, have been applied as appropriate for each sub-matrix. The following matrix shows
the elements of the Rt,t sub-matrix:
6+Co
-4
1
o
-4
6
-4
1
-4
6
o
7 -4
-8 6
(Eq.5.19)
In a similar manner, the coefficients in front of the values of the twist <Pi on the left
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The coefficients in front ofthe twist ~i on the right hand side of Equation 5.3 populate
the D1,2 matrix. The coefficients in front of the deflection Ui on the right hand side of Equation
5.4 deflections populate the D2,l sub-matrix. The D2,l sub-matrix has the same coefficients as
the D1,2 sub-matrix. Both sub-matrices are as follows:
-2 1 0
1 -2
1 (Eq.5.21)D1,2 = D2,1 = J1
-2 1
0 2 -2
The remaining coefficients in front of the twist~i on the right hand side of Equation 5.4
involving the f3x tenn populate the D2,2 matrix. The tenns also have a sign opposite to the other
demand sub-matrices. The sub-matrix has the following fonn:
2 -1 0
-1 2
D2,2 = ~~ (Eq.5.22)
2 -1
0 ... ... -2 2
When the sub-matrices are assembled to complete the resistance and demand matrices,
an eigenvalue analysis can be perfonned to solve for the critical moment, Mo. The complete
resistance and demand matrices will be of size 2m x 2m, making the eigenvalue analysis large
for an unbraced length divided into a large number of segments.
The lowest eigenvalue corresponds to the critical lateral-torsional buckling moment.
After the eigenvalues are found, the eigenvectors can be determined. The eigenvectors give the
deformed shape. The eigenvectors can be checked to see if the deflections along the unbraced
length correspond to the expected defonned shape. For instance, the lowest mode of the
segment should have the II deflections increasing from a small value at point I to a maximum at
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the midpoint m. The deformed shape for a pin-ended girder is a sine curve, so the shape of the
lateral deflections of the a girder with an FRRB would be similar to a sine curve.
5.3 Finite Difference Analysis of the Prototype Girders
The finite difference method was used to determine the critical lateral-torsional
buckling moment for the principal unbraced length of the prototype girders described in Section
5.1. The principal unbraced length is the one with the maximum bending moment assuming
uniformly distributed loads are applied during the construction stage. For the 33.5 m span
.-
girders, the middle unbraced length of 9.05 m (29.68 ft) in Figure 5.2(a) has the maximum
moment. For the 50 m span girders, the 11 m (36.09 ft) unbraced lengths have the maximum
moment at the midspan FRRB shown in Figure 52(b).
To determine the lateral-torsional buckling resistance, the finite difference method is
used in several steps. First, the prototype girders are analyzed without including FRRBs. The
unbraced length is varied and the variation of the lateral-torsional buckling resistance is
compared against the closed form solutions and the AASHTO LRFD design specifications.
This verifies the finite difference approach. Then, FRRBs are included, and the variation of the
lateral-torsional buckling resistance with unbraced length is compared with the results
generated without including FRRBs. This comparison allows effective length (K) factors for
the prototype girders with FRRBs to be determined. In Section 5.4, the K factors are used with
the standard AASHTO LRFD lateral-torsional buckling resistance equations so that inelastic
buckling can be considered.
As discussed in Section 2.2.4, the AASHTO LRFD design specifications have several
expressions for the lateral-torsional buckling resistance during the construction stage. One of
the major concerns is the slenderness of the web as defined by Equation 2.4. A girder with a
web slenderness less than the limit in Equation 2.4 can mobilize the S1. Venant torsional
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resistance of the girder against lateral-torsional buckling. The AASHTO design specifications
allow elastic lateral-torsional buckling resistance to be used for girders with web slenderness
less than the limit in Equation 2.4 up to the yield moment.
Girders with slender webs, exceeding the limit in Equation 2.4, cannot mobilize the St.
Venant torsional resistance. The elastic lateral-torsional buckling resistance, defined by
Equation 2.15 for slender webs, reflects this condition. Furthermore, inelastic buckling is
considered when the unbraced length is between the plastic length, Lp, and the transition length,
LT' The capacity of girders with slender webs is further reduced by the load shedding factor, Rb•
All of the cross-sections listed in Table 5.1 have slender webs under the factored construction
stage load.
Each of the prototype girders was analyzed without FRRBs for a range of unbraced
lengths. Initially, the St. Venant torsional resistance was included in the analysis. The sections
were also analyzed without including the St. Venant torsional resistance included. The girders
were assumed to behave elastically over the range of unbraced lengths.
The finite difference analyses without FRRBs were compared with the classical
solution given by Galambos (1968) for singly-symmetric sections and with the lateral-torsional
buckling resistance given by Equation 2.11 from the AASHTO LRFD design specifications.
Figure 5.6 shows the normalized moment capacity (defined as the lateral-torsional buckling
moment divided by the yield moment) versus the unbraced length for the 33.5 m span 485 MPa
yield strength steel prototype girder. The figure shows that AASHTO, classical, and finite
difference solutions are very similar. Two sets of curves are shown: those including the St.
Venant torsional resistance and those without it. It should be noted that, when the St. Venant
torsional resistance is neglected, the results for the AASHTO equation for stocky webs
(Equation 2.11) are the same as the results from the AASHTO equation for slender webs
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(Equation 2.15) with Rb = 1. In Figure 5.6, the curves including the St. Venant torsional
resistance are above the curves without the torsional resistance. Figure 5.7 shows similar results
for the 33.5 m span 690 MPa yield strength steel prototype girder.
Each of the prototype girders was also analyzed with FRRBs. The results were
compared to the fmite difference analysis results without FRRBs. As discussed earlier, the
FRRB provides a rotational restraint which is quantified using the coefficient Co. Co depends on
the rotational stiffness of the FRRB, ko, as well as the moment of inertia and the elastic
modulus of the compression flange, and the finite difference segment length, h. For a wide
range of unbraced lengths, the rotational restraint provided to the girder by the FRRB should be
kept constant as the· unbraced length (and h) change. This is accomplished by keeping Co
constant over the range of unbraced lengths. Thus, rather than assuming that the same FRRB
dimensions would be used over the range of unbraced lengths, Co was kept constant.
For a given lateral-torsional buckling moment, each girder with and withoutFRRBs
will have a corresponding unbraced length. The K factor is the ratio of the unbraced lengths at
the same moment capacity:
(Eq.5.23)
The lengths in Equation 5.23 can be found for a given lateral-torsional buckling
moment by constructing normalized moment capacity versus unbraced length curves. These are
constructed for the four prototype girders. The graphs compare the (elastic) finite difference
solutions with and without the FRRBs.
Figure 5.8 shows the normalized moment capacity versus unbraced length for the 33.5
m span 485 MPa yield strength steel prototype girder. The web is assumed to be stocky, and the
St. Venant torsional resistance is included. A consistent K factor of 0.66 is determined, with the
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rotational restraint coefficient, Co, held constant. Figure 5.9 shows the normalized moment
capacity versus unbraced length for the 33.5 m span 690 MPa yield strength steel prototype
girder. The web is assumed to be stocky. A consistent K factor of 0.66 is determined for a
constant Co. Figure 5.10 shows the normalized moment capacity versus unbraced length for the
50 m span 485 MPa yield strength steel prototype girder. The web is assumed to be stocky. A
consistent K factor of 0.68 is determined for a constant Co. Figure 5.11 shows the normalized
moment capacity versus unbraced length for the 50 m span 690 MPa yield strength steel
prototype girder. The web is assumed to be stocky. A consistent K factor of 0.66 is determined
for a constant Co.
The prototype girders were also analyzed assuming the web was slender and the St.
Venant torsional resistance was not included. Figure 5.12 shows the normalized moment
capacity versus unbraced length for the 33.5 m span 485 MPa yield strength steel prototype
girder. A consistent K factor of 0.66 is determined for a constant Co. Figure 5.13 shows the
normalized moment capacity versus unbraced length for the 33.5 m span 690 MPa yield
strength steel prototype girder. A consistent K factor of 0.66 is determined for a constant Co.
Figure 5.14 shows the normalized moment capacity versus unbraced length for the 50 m span
485 MPa yield strength steel prototype girder. A consistent K factor of 0.68 is determined for a
constant Co. Figure 5.15 shows the normalized moment capacity versus unbraced length for the
50 m span 690 MPa yield strength steel prototype girder. A consistent K factor of 0.66 is
determined for a constant Co.
5.4 Consideration of Inelastic Lateral-Torsional Buckling
The finite difference analysis provides the elastic lateral-torsional buckling moment,
either with or without the FRRB. Both slender and stocky webs can be considered by
neglecting or retaining the St. Venant torsional resistance. However, the finite difference
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analysis method formulated in Section 5.2 does not consider inelastic lateral-torsional buckling.
The differential equations used in Section 5.2 do not consider inelastic behavior.
The AASHTO LRFD (1994) Bridge Design Specifications provide approximate results
for inelastic buckling. On a graph of lateral-torsional buckling moment versus unbraced length,
a straight line extends between two critical unbraced lengths. The first length is the plastic
length, Lp, defmed by Equation 2.12. At this unbraced length and less, the yield moment is
taken as the lateral-torsional buckling moment. The second length is the transition length, L,.,
defined by Equation 2.13. At this unbraced length, one half of the yield moment is taken as the
lateral-torsional buckling moment. The straight line defines the remaining inelastic buckling
resistance between these two unbraced lengths. For an unbraced length greater than L" the
capacity is an elastic lateral torsional buckling capacity.
To determine the inelastic lateral-torsional buckling capacity of the prototype girders,
the AASHTO LRFD design specifications (Equations 2.14 and 2.15) were used with the K
factors determined from the finite difference analyses in which the webs were assumed to be
slender. The prototype girders have webs that are slender for the construction stage. Also,
inelastic lateral-torsional buckling is considered only for girders with slender webs by the
AASHTO LRFD specifications. With a consistent K factor, an effective unbraced length can be
used in Equations 2.14 and 2.15 to determine the lateral-torsional buckling moment. The
following equation determines the effective length, Lefl
Leff =KLr
RRB (Eq.5.24)
The K factors were determined from the finite difference analyses in which the web
was assumed to be slender. Leff was used in Equations 2.14 and 2.15 with the l~ad shedding
factor, Rb, to generate curves of lateral-torsional buckling moment versus unbraced length for
the prototype girders. Also, LrRRB was used in Equations 2.14 and 2.15 without the K factor
83
and with Rb to generate curves of lateral-torsional buckling versus unbraced length. The
factored construction stage design moment is also with the curves to illustrate how the original
unbraced lengths (diaphragm spacing without FRRBs) and the effective unbraced length
(considering the increased diaphragm spacing with the FRRBs) meet the design criteria.
Figure 5.16 shows the lateral-torsional buckling moment versus unbraced length for the
33.5 m span 485 MPa yield strength steel girder. Figure 5.17 shows the lateral-torsional
buckling moment versus unbraced length for the 33.5 m span 690 MPa yield strength steel
girder. For both 33.5 m span girders, the factored construction stage design moment is 4,688
leN-m (3,458 kip-ft). With the original unbraced length of 5.86 m (19.23 ft) and no FRRBs, the
lateral-torsional buckling moment is 5,266 kN-m (3,884 kip-ft) for the 485 MPa girder and
4,994 kN-m (3,683 kip-ft) for the 690 MPa girder. For the increased unbraced length of 9.05 m
(29.68 ft) with FRRBs (and considering K), the lateral-torsional buckling moment is 5,164 leN-
m (3,809 kip-ft) for the 485 MPa girder and 4,867 leN-m (3,590 kip-ft) for the 690 MPa girder.
For both girders, the lateral-torsional buckling moment at the new unbraced length with FRRBs
is slightly below the moment at the original unbraced length without FRRBs.
Figure 5.18 shows the lateral-torsional buckling moment versus unbraced length for the
50 m span 485 MPa yield strength steel girder. Figure 5.19 shows the lateral-torsional buckling
moment versus unbraced length for the 50 m span 690 MPa yield strength steel girder. For both
50 m span girders, the factored construction stage design moment is 10,430 kN-m (7,693 kip-
ft). With the original unbraced length of 7.2 m (23.62 ft) and no FRRBs, the lateral-torsional
buckling moment is 11 ,283 kN-m (8,322 kip-ft) for the 485 MPa girder and 10,638 kN-m
(7,846 kip-ft) for the 690 MPa girder. For the increased unbraced length of 11.0 m (36.09 ft)
with FRRBs (and considering K), the lateral-torsional buckling moment is 10,868 kN-m (8,016
kip-ft) for the 485 MPa girder and 10,446 kN-m (7,705 kip-ft) for the 690 MPa girder. For both
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girders, the lateral-torsional buckling moment at the new unbraced length with FRRBs is
slightly below the moment at the original unbraced length without FRRBs.
5.5 Alignment Chart Analysis Method
5.5.1 Introduction
As discussed in Section 3.2.2, the effect of an FRRB on the lateral-torsional buckling
of a bridge I-girder is similar to the beam in a braced frame. The compression flange of the
girder is similar to a column, when the compression flange bends about the vertical axis of the
girder (the strong axis of the flange). With some modifications, the standard methods for
determining the effect of beams on the buckling of a column in a braced frame can be utilized
to analyze the effects ofFRRBs on the lateral-torsional buckling of a bridge I-girder.
The stability of a frame in a building depends on both the columns and the beams. The
beams provide a rotational restraint to the ends of the column, if a rigid joint is provided. The
length of the column is modified by the effective length factor, K, to account for the rotational
restraint provided by the beams in standard buckling solutions for a column with pinned-pinned
support conditions.
The ratio of the rotational stiffness of the compression elements (the columns) and the
restraining elements (the beams), 'P, is found at each end of the compression elements. The two
ratios are marked on an alignment chart, shown for sidesway inhibited (braced frame) in Figure
5.20. The K factor is defined by the intersection with the K axis of a straight line between 'PA
and 'PB•
There are two standard alignment charts, one for sidesway inhibited and the other-for
sidesway allowed. In frame structures, sidesway occurs when the lateral bracing system for the
frame allows lateral motion of the frame at any floor level (the location of the beams) relative
to the base. If the frame is braced against sidesway, the K factor reduces the effective length of
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the column. If the frame is not restrained against sidesway, the K factor increases the effective
length. Bridge girders are restrained against lateral deflection at the bearings. Furthermore, the
locations of diaphragms are assumed to be locations where the lateral deflection of the
compression flange is restrained. Thus, the alignment chart for sidesway inhibited is used.
Figure 5.21 compares the lateral deflection of a bridge girder pair with the lateral
deflection of a frame. Figure 5.21(a) shows a girder pair with several unbraced lengths. The
FRRB in Figure 5.21(a) is bent in single curvature. Figure 5.21(b) shows the sidesway inhibited
case for a frame. Figure 5.21(b) also shows the single curvature in the bracing element (the
beam) when sidesway is inhibited.
Several assumptions are made regarding the effective length factor for braced frames.
These assumptions can be applied to the analysis of the FRRB with some modifications:
(1) the behavior is elastic,
(2) members have constant cross-sections,
b) the rotations at the ends of the beams are equal in magnitude and produce single curvature
in the beams with sidesway inhibited,
(4) joints are rigid,
(5) columns at a joint have restraint provided by the joint distributed in proportion to their 1/L
ratios, and
(6) columns buckle simultaneously.
Some of these assumptions require additional consideration. Regarding elastic
behavior, most bridge I-girders are proportioned to buckle inelastically. The alignment charts
can be adapted to use for inelastic buckling of girders as discussed in the previous section. A
long bridge girder often has changes in dimensions over the length of the girder to economize
the design. The changes affect the stiffness of the compression flange. The compression
element stiffness of interest is based on the moment of inertia of the compression flange about
the vertical axis of the flange. Thus, a change in the flange thickness has little effect on this
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stiffness. However, since the second assumption does not generally apply to bridge girders, the
stiffness of the compression flange should be carefully considered. To calculate a conservative
value of the K factor, the stiffness of the compression flange should not be underestimated.
The joint between the compression flange and the FRRB should be as rigid as possible.
The joint may be welded or bolted. A bolted connection allows the connection to be made in
the field without field welds. The bolted connection must provide sufficient rotational restraint.
Regarding the assumption that all columns buckle simultaneously, the finite element
analyses discussed in Chapter 6 indicate that the compression elements do buckle
simultaneously.
5.5.2 Analysis Procedure
The alignment chart analysis method is intended to be a simpler way to determine K
factors than the finite difference analysis method. For frames, the ratio \{1 relates the rotational
stiffness of a column with that of the connecting beams. The ratio '¥ is modified for a bridge 1-
girder with FRRBs. For the compression flange of the girder, only the moment of inertia of the
flange about the vertical axis, lye, is considered. The rotational restraint provided by the FRRB
is determined from the elastic modulus, moment of inertia and length of the FRRB components.
The stiffness ratio \{1 has the following form:
\{1 = I (El )'e / Lb ) compression
I(Ejlyf/Ls)braee
(Eq.5.25)
The moment of inertia of the compression flange is assumed to have no contribution
from the web. When the web is stocky, the AASHTO LFRD design specifications allow one-
third of the web depth in compression to contribute to lye. Including the web, lye is calculated as:
CEq. 5.26)
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However, the contribution from the web is negligible since the web thickness is much
smaller than the flange width. Hence, /ye is calculated for the flange only. In a similar fashion,
the moment of inertia of the FRRB, /)'/' is the moment of inertia of the main FRRB component
about the vertical axis.
Figure 5.22 shows a portion of the compression flange of a girder divided into three
unbraced lengths. Points A, B, C, and D are the joints where the FRRB are attached. The
unbraced lengths for each segment is labeled as LbI> Lb2, and Lb], respectively. For segment 2
shown in Figure 5.21, Equation 5.25 can be simplified when the FRRB is on only one side of
the girder (i.e., only one FRRB attaches at each joint). The elastic modulus can also be
eliminated if elastic behavior is assumed and if all elements are steel. The moment of inertia for
the compression flange is assumed to remain constant along the length of the flange. When the
nomenclature from Figure 5.22 is used, Equation 5.25 evaluated at point B reduces to the
following:
(Eq.5.27)
If the required K factor is known, the required ratio 'I' at both ends of the segment can
be found. For segment 2 from Figure 5.22, the ratio 'I' at each end will be the same if segments
1 and 3 have the same length and moment of inertia. If segment 1 and 3 have different lengths
or moments of inertia, then 'P will not be the same for both ends of segment 2.
When 'P is the same at both ends of an unbraced length, the determination of the
required FRRB dimensions is simplified. 'P for both ends can be determined for a given K
factor by a horizontal line on Figure 5.20. Then the unknowns in 'P can be determined by
rearranging Equation 5.25. Typically the unknown in 'P will be a FRRB dimension, such as 1.11'
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With the K factor and the FRRB dimensions known, the moment capacity of all of the
unbraced segments should be calculated and verified against the maximum demand momeJ?t in
that segment. The stiffness of the FRRB and unbraced lengths should be used to calculate 'II at
both ends of each segment. The effective length, Lef!' of each segment should be determined
using Equation 5.20 and the K factor from the alignment chart.
The effective length is then used to determine the lateral-torsional buckling moment
capacity using the AASHTO LRFD design specifications as discussed in Section 5.4. Since
most unbraced segments will not have uniform moment, the moment distribution factor Cb can
be applied as appropriate. Under a uniform construction loading, most unbraced lengths of
simply supported bridge girders will have a bending moment less than the maximum demand
moment at the midspan. With 'this reduced demand moment and using the moment distribution
factor, Cb, the unbraced lengths near the end of the girder can be increased substantially larger
than near the midspan.
5.5.3 Alignment Chart Analysis of Prototype Girders
In the Section 5.3, the prototype girders with FRRBs were analyzed for a range of
unbraced lengths using the finite difference analysis method. From the results of those
analyses, K factors for the girders with FRRBs were determined. The alignment chart method is
expected to be a simpler and less rigorous method than the finite difference analysis method.
The unbraced lengths (diaphragm spacing) designed for the prototype girders (Figure 5.2) are
the only unbraced lengths considered in the alignment chart analysis.
The unbraced lengths shown in Figure 5.2 were used in the alignment chart analysis.
The cross-section dimensions of the prototype girders from Table 5.1, and the FRRB
dimensions from Table 5.2 were also used. '¥ values were determined for the joints at either
end of the unbraced lengths of the prototype girders. The K factors were determined using the
89
\}I values and Figure 5.20. Table 5.3 lists the K factors for the principal unbraced lengths
(interior) and the other unbraced lengths of the prototype girders. Also listed are the Cb values
for the interior and other unbraced lengths.
5.6 Summary
This chapter presented methods for determining the lateral-torsional buckling
resistance of bridge I-girders with FRRBs. Each of the two analysis methods provide effective
length (K) factors which can be used with the AASHTO LRFD design specifications to account
for inelastic buckling or web slenderness effects. If the girder is controlled by elastic buckling,
the finite difference analysis method could be used to determine the lateral-torsional buckling
resistance directly. Table 5.4 lists the K factors from the two analysis methods. The K factors
from the alignment chart method are slightly less than those from finite difference analysis
method. This would indicate that the alignment chart method gives results slightly less
conservative than the results of the finite difference analysis method.
Table 5.5 compares the factored construction stage demand moments to the lateral-
torsional buckling moment capacities determined using the AASHTO equations with K factors
from Table 5.4. The K factors in Table 5.4 are used with the appropriate unbraced length to
determine the lateral-torsional buckling moment. The lateral-torsional buckling moment
determined using K factors from the finite difference analysis method for girders with
diaphragms with FRRBs and increased unbraced lengths is less than the lateral-torsional
buckling moment for girders with standard diaphragms at the original spacing. The lateral-
torsional buckling moment determined using the K factors from the alignment chart method for
girders with diaphragms with FRRBs and increased unbraced lengths is slightly greater than the
lateral-torsional buckling moment for the girders with standard diaphragms at the original
spacing.
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The finite difference analysis was an effective method for determining the lateral-
torsional buckling moment. The finite difference analysis was performed on the principal
unbraced length of each prototype girder. The set-up of the simultaneous equations can be
complicated for the number of points necessary to get accurate results. The solution of the
simultaneous equations is simplified by using a computer to solve for the lateral-torsional
buckling moment. If the unbraced length is not symmetric, then both halves of the unbraced
length would have to be included in the finite difference model. Hence, unbraced lengths near
the ends of the girder span require a reformulation of the finite difference model and the
matrices.
The alignment chart analysis method was a simple method for determining the lateral-
torsional buckling moment. The alignment chart analysis method is easily used by practicing
engineers. Unlike the finite difference analysis, the alignment chart analysis is not complicated
by unequal end conditions. The results from the alignment chart method are approximate, and
appear to be less conservative than the results of the finite difference analysis method.
The diaphragm spacing in a steel I-girder bridge can be increased using FRRBs. The
amount of the increase depends on the bending moment in that part of the girder. For the
interior regions of the girder, the use of FRRBs can increase the diaphragm spacing by 50 to 60
percent in the region of the highest moment. When the original configuration of diaphragms is
evenly spaced over the span, the diaphragm spacing near the bearings of a simply supported
girder can be increased by over 100 percent.
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Table 5.1 Dimensions of prototype girder cross-sections
Span Fy btf ttf D tw bbf tbf
Length (MPa) (mm) (mm) (mm) (mm) (rnm) (mm)
33.5m 485 325 25 1475 10.5 375 30
690 325 25 1250 9.5 325 30
50m 485 425 30 1890 13.5 425 40
690 375 37.5 1700 12 400 37.5
Table 5.2 Dimensions ofFRRBs
Span FRRB Interior FRRB Support End FRRB
Length Length Width, b Thickness, t Width, b Thickness, t
33.5m 3.92m 335mm 50rnm 335mm 25mm
50m 3.92m 400mm 55mm 200mm 55mm
Table 5.3 Results of alignment chart analysis
Span Fy KFactor Cb Factor
Length (MPa) Interior End Interior End
33.5m 485 0.64 0.64 1.0 1.75
690 0.64 0.64 1.0 1.75
50m 485 0.66 0.72 1.0 1.75
690 0.65 0.72 1.0 1.75
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Table 5.4 Results of analysis methods
Span Fy My KFactor
(MPa) (kN-m) Finite Finite Alignment
Difference Difference Chart
with] without]
33.5m 485 7,935 0.66 0.66 0.64
690 8,861 0.66 0.66 0.64
50m 485 16,099 0.68 0.68 0.66
690 20,485 0.66 0.66 0.65
Table 5.5 Critical lateral-torsional buckling moment comparisons
Span Fy Design Lateral-torsional Buckling Moment (kN-m)
(MPa) Moment OriginalLb I!;RRB -K from I!;RRB -K from
(kN-m) K=l Finite Difference Alignment Chart
33.5m 485 4,688 5,266 5,164 5,336
690 4,688 4,994 4,867 5,081
50m 485 10,430 11,283 10,868 11,390
690 10,430 10,638 10,446 11,183
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Figure 5.14 Comparison of finite difference solutions for Lb and ~RRB without J for 50 m
span 485 MPa yield strength steel girder
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Figure 5.15 Comparison of finite difference solutions for Lh and LrRRB without J for 50 m
span 690 MPa yield strength steel girder
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Figure 5.21 Lateral deflection of girder pair and braced frame
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6. Finite Element Analysis of Girders with Flange Rotational Restraint
Braces
6.1 Introduction
Finite element analyses were conducted to investigate the behavior of girders with
flange rotational restraint braces. This behavior was compared to the behavior of girders with
standard diaphragm configurations. Both the original unbraced lengths (diaphragm spacing),
shown in Figure 2.7, and the increased unbraced lengths (diaphragm spacing with FRRBs),
shown in Figure 5.2, were investigated. The prototype girders discussed in Chapter 5 were
utilized. The results of the finite element analysis were used to verify the effectiveness of the
analysis methods discussed in Chapter 5.
The four prototype girders include two different spans, 33.5 m (110 ft) and 50 m (164
ft), and two different high perfonnance steels with yield strengths of 485 MPa (70 ksi) and 690
MPa (100 ksi). The cross-section dimensions are listed in Table 5.1. Figure 5.1 details the
terminology for the cross-sections.
Table 5.2 lists the dimensions of the FRRB utilized in the finite element analysis of the
prototype girders with FRRBs. The alignment chart analysis method discussed in Section 5,4
was used to determine the dimensions of the FRRBs for each of the prototype girders. Figure
6.1 shows the arrangement of the FRRBs on half of the 33.5 m span. Figure 6.2 shows the
arrangement of the FRRBs on half of the 50 m span. The finite element analysis allows FRRBs
to be modeled as a member of the structure rather than as discrete springs.
6.2 Finite Element Models of Prototype Girders
The finite element analysis models discussed in Chapter 4 served as the basis for the
finite element models. Two basic finite element models were created. The first basic model was
for the 33.5 m (110 ft) span. The second basic model was for the 50 m (164 ft) span. The basic
models were modified to account for the widths and thicknesses of the component plates of the
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I-girders, the steel properties, and the type of bracing. The prototype girders are symmetric
about the midspan so only half of the span was included in each model.
The half-span models for the 33.5 m span include 100 elements along the length. The
length of each element is 167.5 mm (6.59 inches). Each flange is divided into four elements
across the flange widths given in Table 5.1. The width of the six web elements varies
depending on their proximity to the flanges. The web elements nearest the flanges have the
smallest width. The web elements near the center of the web are the widest. Eight noded thick-
shell elements are used for each element.
The half-span models for the 50. m span include 125 elements along the length. The
length of each element is 200 mm (7.87 inches). The flange and web element widths are
determined in the same manner as those of the 33.5 m span girder.
Figure 6.3 depicts the simplified steel stress-strain relationship used in the finite
element models. The elastic modulus, E, is 200,000 MPa (29,000 ksi), and the Poisson's ratio,
v, is 0.295. Two types of steel were modeled. For the first type of steel, the yield strength, Fy, is
485 MPa (70 ksi), and the ultimate strength, Fu, is 620 MPa (90 ksi). For the second type of
steel, the yield strength, F", is 690 MPa (100 ksi), and the ultimate strength, Fu, is 760 MPa
(110 ksi).
Figure 6.4 shows the residual stress pattern used in the model. The finite element
package utilized for the analysis only allowed a constant initial stress over a single element.
The model for the residual stresses in the flanges was highly simplified. The outside elements
of each flange had a compressive residual stress of 120 MPa (17.4 ksi) and the interior
elements had an equal tensile residual stress. The value of the residual stress in the models is
based on the value of residual stress, F" specified for welded beams in AISC (1994).
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The initial out-of-straightness is defined in the model as described in Section 4.3.2. The
compression (top) flange in the girder is laterally deflected. The tension flange is assumed to be
straight. The web has increasing lateral deflection along its height as determined by Equation
4.2. At the points of lateral support (diaphragms) and at the support end (bearings) of the
model, the initial lateral deflection of the compression flange and the web is zero. The
maximum initial deflection of the compression flange between points of lateral support was set
to 4/1000. For all of the models, the principal unbraced length (that with largest demand
moment) was used to determine the maximum initial lateral deflection.
Figure 6.5 shows the initial out-of-straightness for the 33.5 m span models with the
standard diaphragms. The maximum 5.9 mm (0.23 in) initial lateral deflection is at the middle
of each unbraced length. Figure 6.6 shows the initial out-of-straightness for the 50 m span
models with the standard diaphragms. The maximum 7.2 mm (0.28 in) initial lateral deflection
is at the middle of each unbraced length.
Two different initial out-of straightness values were used for the models with FRRBs.
The first case has the maximum initial lateral deflection determined as 4/1000 using the
increased unbraced length used with the FRRBs. The second case has the same maximum
initial lateral deflection as the corresponding model with standard diaphragms. Figure 6.7
shows the initial out-of-straightness for the 33.5 m span models with FRRBs. The maximum
initial lateral deflection of 9.0 mm (0.35 in) is used in the first case. The second case has a
maximum initial lateral deflection of 5.9 mm (0.23 in). Figure 6.8 shows the initial out-of-
straightness for. the 50 m span models with FRRBs. The maximum initial lateral deflection of
11.0 mm (0.43 in) is used in the first case. The second case has a maximum initial lateral
deflection of 7.2 mm (0.28 in).
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The boundary conditions were used to impose symmetry at the midspan cross-section,
g .
to model the lateral support from both the standard diaphragms and the diaphragms with
FRRBs, and to model the support end of the girder. Figure 3.9 shows the cross-section of the
model at the midspan; the definition of the points shown in the figure is given in Section 3.3.2.
Table 6.1 lists the boundary conditions for each point at the midspan. The web displacements at
midspan are controlled through point A. It is assumed that the web does not distort at this cross-
section, thus points B and C are rigidly constrained to point A. The remaining boundary
conditions are required by the symmetry conditions at midspan. Figure 3.9 can also be used to
describe the boundary conditions at each of the lateral supports (standard diaphragm or
diaphragm with FRRB). Table 6.2 lists the boundary conditions for the cross-sections at lateral
supports. The web displacements are controlled through point A. The web is restrained from
twisting and lateral deflection, and does not distort (to model the diaphragm connection plate),
thus points Band C are rigidly constrained to point A. Figure 3.10 shows a cross-section of the
model at the support end. Table 6.3 lists the boundary conditions for the support end. The
support conditions are controlled through point C. The web is not permitted to distort.
Figure 6.9 shows the boundary conditions at the midspan of each FRRB. As shown,
only half of the FRRBs was included on the models because of symmetry. Figure 6.9 is an
isometric view of a portion of the compression flange and the portion of the FRRB included in
the model. The vertical and longitudinal deflections (relative to the span) are free while the
lateral deflection is restrained. The FRRB can twist about its own longitudinal axis, but is
restrained from rotation about the other two axes.
All of the models were loaded by applying a pressure on the compression (top) flange
to model the loading imposed during the construction stage of the prototype highway bridge.
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\The pressure acts across the width of the flange and along the length of the span.
Corresponding reactions and moments are determined from the flange pressure.
6.3 Results of Analysis
6.3.1 General Results
Each prototype girder was analyzed with standard diaphragms at the original unbraced
length and with diaphragms with FRRBs at the increased unbraced length. Two analyses were
run for the girders with the FRRBs. The first case had the large initial out-of-straightness
shown in Figures 6.7 and the second case had the smaller initial out-of-straightness. The lateral-
torsional buckling resistance determined from the finite element analyses was compared with
the results obtained from the appropriate AASHTO LRFD equations (for standard diaphragms)
and the results from ,the AASHTO LRFD equations using effective length (K) factors
determined by the analyses discussed in Chapter 5. The cases considered for each prototype
girder are as follows:
(1) AASHTO: AASHTO LRFD lateral-torsional buckling capacity for girder with standard
diaphragms at Lb.
(2) FE: finite element analysis of girder with standard diaphragms at Lb.
(3) AASHTO K - FD: AASHTO LRFD lateral-torsional buckling capacity for girder with
FRRBs calculated using Leff with K from finite difference analysis.
(4) AASHTO K - AC: AASHTO LRFD lateral-torsional buckling capacity for girder with
FRRBs with capacity calculated using Leff with K from alignment chart analysis,
(5) FE - A: finite element analysis for girder with FRRBs at ~RRB and larger initial out-of
straightness, and
(6 FE - B: finite element analysis for girder with FRRBs at LrRRB and smaller initial out-of
straightness.
The finite element analysis results are compared to the other results to establish the
accuracy of the analysis methods described in Chapter 5. Table 6.4 lists the lateral-torsional
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buckling moment capacities for the 33.5 m span girder for the cases listed above. Table 6.5 lists
the lateral-torsional buckling moment capacities for the 50 m span girder for the cases listed
above. The finite element analysis results compare reasonably well to the results from the other
analysis methods.
6.3.2 Discussion of Selected Cases
Two of the fmite element analyses of girders with FRRBs are discussed to provide
insight into the behavior of girders with FRRBs. The finite element results for the 33.5 m span
690 MPa yield strength steel girder and the 50 m span 485 MPa yield strength steel girder are
further investigated. The results for the cases with smaller initial out-of-straightness are
discussed.
Figure 6.10 shows the location of the nodes used in the discussion of the 33.5 m span
690 MPa yield strength girder. All of the nodes are at the midspan of the girder. The vertical (y
axis) deflection is labeled u2 for each node, and the transverse (x axis) deflection is labeled u3.
Figure 6.11 shows the location of elements used in the discussion of the results for the 33.5 m
span 690 MPa yield strength girder. The elements are adjacent to the midspan of the girder. The
stresses and strains in each direction are given at the top and bottom surfaces of each element.
The circles on the figure show the location of where the stresses and strains are reported.
Figure 6.12 shows the location of the nodes used in the discussion of the 50 m span 485
MPa yield strength girder. All of the nodes in the figure are at the location of maximum lateral
deflection of the compression flange. The vertical (y axis) deflection is labeled u2 for each
node, and the transverse (x axis) deflection is labeled u3. Figure 6.13 shows the location of
elements used in the discussion of the results for the 50 m span 485 MPa yield strength girder.
The elements are at the location of maximum lateral deflection. The circles on the figure show
the location of where the stresses and strains are reported.
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Figure 6.14 shows the normalized moment versus midspan deflection for the 33.5 m
span 690 MPa yield strength steel girder with FRRBs. The location of the nodes is given in
Figure 6.10. The theoretical elastic deflection (from beam theory) compares very well to the
vertical deflection until the beam experiences significant lateral deflections.
Figure 6.15 shows the deflected shape of a portion of the finite element model at the
final step of the analysis. The view is from the midspan to slightly beyond the FRRB nearest
the midspan. The displacement has been magnified and the view rotated. Some distortion can
be seen in the web.
Figure 6.16 shows the normalized moment versus strain near the midspan of the 33.5 m
span 690 MPa yield strength girder. The location of the elements is shown in Figure 6.11.
Figure 6.16 shows the occurrence of the lateral-torsional buckling. The strain separation begins
early in the analysis. There is some strain separation between the top and bottom surface at one
flange tip (top and bottom of element 1301), but a local buckle does not form.
Figure 6.17 shows the normalized moment versus deflection for the 50 m span length
485 MPa yield strength steel girder with FRRBs. The lateral deflections are at the location of
the maximum lateral deflection of the compression flange. The location of the nodes on the
cross-section is given in Figure 6.12. The vertical deflection is given for node 25300 which
occurs at the compression flange-to-web connection at midspan. The theoretical elastic
deflection compares well to the vertical deflection until the beam experiences significant lateral
deflections.
Figure 6.18 shows the deflected shape of a portion of the finite element model at the
final step of the analysis. The view is from the midspan FRRB to slightly beyond the FRRB
nearest the midspan. The displacement has been magnified and the view rotated. A significant
amount of distortion can be seen in the web.
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Figure 6.19 shows the normalized moment versus strain at the location of the maximum
lateral deflection of the compression flange for the 50 m span 485 MPa yield strength girder.
The location of the elements is shown in Figure 6.13. Figure 6.19 shows the occurrence of
lateral-torsional buckling in the 50 m span length. The strain separation begins to occur early in
the analysis, but does not diverge as rapidly as the strains for the 33.5 m span 690 MPa yield
strength girder shown in Figure 6.16.
Both of the girders behaved as expected for girders undergoing lateral-torsional
buckling. The vertical and lateral deflections are similar to the results of the finite element
models developed in Chapter 4.
6.4 Summary
Finite element analyses were conducted to investigate the lateral-torsional behavior of
the prototype girders with FRRBs. The finite element models were based on the models
developed in Chapter 4. The finite element analysis results were compared to the lateral-
torsional buckling moment capacities from AASHTO LRFD design equations using K factors
from the finite difference and alignment chart analyses. The finite element analysis results also
provided insight into the lateral-torsional buckling behavior of girders with. standard
diaphragms and with diaphragms with FRRBs.
Table 6.4 shows the lateral-torsional buckling moment capacities for the 33.5 m span
girders. Table 6.5 shows the lateral-torsional buckling moment capacities for the 50 m span
girders. The lateral-torsional buckling moment obtained from the finite element analyses for the
girders with standard diaphragms exceeded that obtained from the AASHTO LRFD equations.
The comparisons of the results for the girders with FRRBs is more difficult to generalize. For
the 33.5 m span 485 MPa yield strength steel girder, the lateral-torsional buckling moment from
the finite element analyses were less than the lateral-torsional buckling moments determined
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from the AASHTO LRFD equations with the K factors. For the 50 m span 690 MPa yield
strength steel girder, the lateral-torsional buckling from the finite element analyses were greater
than the lateral-torsional moments determined from the AASHTO LRFD (1994) equations with
the K factors. For the other two girders, the lateral-torsional buckling moment for the [mite
element model with larger initial out-of-straightness exceeded only the lateral-torsional
buckling moment calculated using K factors from the finite difference analysis. The lateral-
torsional buckling moment for the finite element model with smaller initial out-of-straightness
exceeded the lateral-torsional buckling moment calculated using K factors from both analysis
methods.
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Table 6.1 Boundary conditions at midspan of finite element models
Location
DOF A A' B C C'
L1x free free rigid constraint rigid constraint free
to point A to point A
!J.y free free " " free
!Yz fixed fixed " " fixed
8x fixed fixed " " fixed
8y fixed fixed " " fixed
8z free free " " free
Table 6.2 Boundary conditions at lateral supports of finite element models
Location
DOF A A' B C C'
L1x fixed free rigid constraint rigid constraint free
to point A to point A
!J.y free free " " free
!Yz free free " " free
8x free free " " free
8y free free " " free
8z fixed free " " free
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Table 6.3 Boundary conditions at support end of finite element models
Location
DOF A A' B C C'
~ rigid constraint free rigid constraint fixed free
to point C to point C
l1y " free " fixed fixed
!Yl " free " free free
ex " free " free free
ey " free " free free
ez " free " fixed fixed
Table 6.4 Lateral-torsional buckling moment capacities for 33.5 m span girders
Yield 33.5 m Span Lateral-torsional Buckling Moments (kN-m)
Strength Standard Diaphragms Diaphragms with FRRBs
(MPa) AASHTO FE AASHTO AASHTO FE-A FE-B
K-FD K-AC
485 5,266 5,507 5,164 5,336 4,897 5,124
690 4,994 5,745 4,867 5,081 4,915 5,106
Table 6.5 Lateral-torsional buckling moment capacities for 50 m span girders
Yield 50 m Span Lateral-torsional Buckling Moments (kN-m)
Strength Standard Diaphragms Diaphragms witfi"RRBBs
(MPa) AASHTO FE AASHTO AASHTO FE-A FE-B
K-FD K-AC
485. 11,283 11,820 10,868 11,390 11,050 11,502
690 10,638 12,352 10,446 11,183 11,977 12,492
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Figure 6.1 Top flange plan for 33.5 m span girder
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Figure 6.2 Top flange plan for 50 m span girder
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Figure 6.3 Stress-strain relationship used in finite element models
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Figure 6.4 Residual stress distribution used in finite element models
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Figure 6.7 Initial out-of-straightness for 33.5 m span girder with FRRBs
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Figure 6.8 Initial out-of-straightness for 50 m span girder with FRRBs
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Figure 6.9 Boundary conditions at midspan of FRRB
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Figure 6.10 Location of nodes at midspan of 33.5 m span girder
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Figure 6.11 Location of elements adjacent to midspan of 33.5 m span girder
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Figure 6.12 Location of nodes at point of maximum lateral deflection of 50 m span girder
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Figure 6.13 Location of elements at point of maximum lateral deflection of 50 m span girder
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Figure 6.14 Nonnalized moment versus deflection for finite element model of 33.5 m span 690
MPa yield strength steel girder with smaller initial out-of-straightness
Figure 6.15 Deflected shape for primary unbraced length of finite element model of 33.5 m span
690 MPa yield strength steel girder with smaller initial out-of-straightness
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Figure 6.16 Nonnalized moment versus longitudinal strain in compression flange for
finite element model of 33.5 m span 690 MPa yield strength steel girder
with smaller initial out-of-straightness
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Figure 6.17 Nonnalized moment versus deflection for finite element model of 50 m span 485
MPa yield strength steel girder with smaller initial out-of-straightness
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Figure 6.18 Deflected shape for primary unbraced length of finite element model of 50 m span
485 MPa yield strength steel girder with smaller initial out-of-straightness
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Figure 6.19 Normalized moment versus longitudinal strain in compression flange for
finite element model of 50 m span 485 MPa yield strength steel girder
with smaller initial out-of-straightness
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7. Conclusions, and Future Work
7.1 Conclusions
This thesis presented research investigating the use of high performance steel (HPS) 1-
girders with flange rotational restraint braces (FRRB). The research is part of a project entitled
"Innovative Bridge Designs Using High Performance Steels." Previous research on the project
has determined that buckling design limits are one of the barriers to the use of HPS in I-girder
bridges. HPS girders can have slender components with low buckling resistance. Lateral-
torsional buckling of HPS girders is a concern during the construction stage when the
compression flange in the positive moment region is not yet composite with the concrete deck
and is laterally supported only at the diaphragms. The use of FRRBs permits an increase in the
diaphragm spacing without an increase in the cross-section dimensions of the girder. Increased
diaphragm spacing can increase the economy of steel I-girder bridges.
Three bridge girder design concepts were discussed in the thesis. The FRRB design
concept allows greater diaphragm spacing by improving the lateral-torsional buckling behavior
of bridge I-girders. The batten plate concept increases the torsional resistance of the I-girder
cross-section. It was found that the use of batten plates did not substantially reduce the need for
diaphragms. The girder pair design concept can be used with or without the FRRB design
concept to increase the economy of an I-girder bridge.
Finite element models were developed to simulate the lateral-torsional buckling
behavior of girders and the effect of FRRBs on the lateral-torsional buckling of girders. Test
data from Kubo and Fukumoto (1988) was used to calibrate the finite element models. The
parameters that influenced the buckling behavior of the models were investigated. Two of the
most important modeling parameters were the initial out-of-straightness and the residual
stresses in the flanges. Several conclusions were drawn from the development and analysis of
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these finite element models. First, finite element models can adequately simulate the lateral-
torsional buckling behavior of I-shaped girders. Second, modified finite element models with
FRRBs had greater lateral-torsional buckling capacity than the models of the girder without
FRRBs.
Although finite element models can be used to simulate the lateral-torsional buckling
behavior of I-girders both with and without FRRBs, simpler analytical approaches were
developed for use in design. Two analysis methods were investigated to determine the lateral-
torsional buckling capacity of girders with FRRBs. The first analysis method used the finite
difference method to determine the elastic lateral-torsional buckling moment of the girder with
and without FRRBs. The FRRBs were included in the finite difference model by modifying the
boundary conditions to include the rotational stiffness of the FRRB. An effective length (K)
factor was determined by comparing the lateral-torsional buckling capacities of the girder with
and without FRRBs. The second analysis method was based on the alignment charts that are
used to determine K factors for columns and other compression members in braced frames. The
two analysis methods provided similar results for several prototype girders. The K factors
determined from the two analysis methods were used to determine the effective unbraced
lengths for the prototype girders with FRRBs. The effective lengths were used with AASHTO
LRFD (1994) lateral-torsional buckling design specifications to allow inelastic lateral-torsional
buckling and web slenderness effects to be included in determining the lateral-torsional
buckling capacity of the prototype girders.
Finite element models of the prototype girders were used to verify the results of the
simpler analysis methods. The finite element analysis results were compared to the results
obtained using the K factors with the AASHTO LRFD design equations. The finite element
analysis results compared well with the results from the simpler analysis methods.
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The FRRB design concept can be used to increase the spacing of diaphragms in steel 1-
girder highway bridges by improving the lateral-torsional buckling behavior of the I-girders, in
particular during the construction stage. The effectiveness of FRRBs can be determined using
the proposed analysis methods. When necessary, finite element models can be used to simulate
the lateral-torsional buckling behavior of girders with and without FRRBs.
7.2 Future Work
To exploit the potential advantages of FRRBs in highway bridges, laboratory
experiments are needed to verify the analytical results presented in this thesis. Tests of 1-
girders with FRRBs would verify the behavior of girders with FRRBs as discussed in this
thesis.
Tests of a girder pair with full-length FRRBs spanning between the girders would
further verify the effectiveness of the FRRBs and verify the analysis results. The tests would
also validate the girder pair concept. The stability of girder pairs, with or without FRRBs, could
be determined.
Further analjtical studies should be performed. The properties of the I-girders should
be more widely varied, and a larger number of I-girders should be analyzed. More rigorous
finite element models should be developed. The modeling of residual stresses and initial out-
of-straightness should be improved to achieve more consistent comparisons with experimental
results.
Costs analyses should be performed to compare the economy of bridges with FRRBs
spacing with that of bridges with conventional diaphragms. The cost analyses should compare
the fabrication costs of diaphragms with FRRBs and the fabrication costs of standard
diaphragms. The effects of different methods of installation of the FRRB, such as shop-
installation or tield installation. should be included in the cost analysis.
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